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EXACT FORMULA FOR THE SECOND-ORDER TANGENT SET OF
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Abstract. The second-order tangent set is an important concept in describing the curvature
of the set involved. Due to the existence of the complementarity condition, the second-order cone
(SOC) complementarity set is a nonconvex set. Moreover, unlike the vector complementarity set, the
SOC complementarity set is not even the union of finitely many polyhedral convex sets. Despite these
difficulties, we succeed in showing that like the vector complementarity set, the SOC complementarity
set is second-order directionally differentiable and an exact formula for the second-order tangent
set of the SOC complementarity set can be given. We derive these results by establishing the
relationship between the second-order tangent set of the SOC complementarity set and the second-
order directional derivative of the projection operator over the SOC, and calculating the second-order
directional derivative of the projection operator over the SOC. As an application, we derive second-
order necessary optimality conditions for the mathematical program with SOC complementarity
constraints.
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1. Introduction. In optimization, an important issue is how to approximate
the feasible region using derivatives of the function and the tangent cone of the set in-
volved. Such needs arise in optimality conditions, constraint qualifications, and stabil-
ity analysis when the problem data are perturbed. In the same way that second-order
derivatives provide quadratic approximations whereas first-order derivatives only pro-
vide linear approximation to a given function, second-order tangent sets provide better
approximation than tangent cones to a set at a point, in particular when the given set
is not a polyhedral set or the union of finitely many polyhedral sets. As a result, the
second-order tangent sets have been used successfully in second-order optimality con-
ditions, stability analysis, and metric subregularity (see, e.g., [2, 3, 4, 7, 8, 10, 13, 16]
and references therein). More recently, Gfrerer and Mordukhovich [11] use the second-
order tangent set to give an estimate of the upper curvature of a set, which is used to
study the Robinson stability of parametric constraint systems.
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In optimization, one often has to deal with a feasible region in the form C' :=
{z | F(z) € O}, where F : R” — R™ is a second-order continuously differentiable
mapping and © is a closed set in R™. By [18, Proposition 13.13], under a constraint
qualification, the second-order tangent set of the feasible region C' can be characterized
as

deTe(z), VF(x)d € Te(F(x)),
(1) w e Téfm, d) } = { VF(z)w+ deTVQF(x)d € T3(F(z); VF(z)d),

where T, T2 denote the tangent cone and the second-order tangent set, respectively
(see Definition 2.1). In the case when © = R™* x {0}"2, my + mg = m, the system
is described by inequality and equality constraints. In this case, since the set © is
polyhedral, the second-order tangent set of R™! x {0} is a polyhedral set, and
hence the second-order tangent set of the feasible region is a system of equalities and
inequalities involving the second-order derivatives of the constraint mapping F' (see,
e.g., Bonnans and Shapiro [4, equation (3.81)]), provided that a constraint qualifica-
tion holds. In recent years, the second-order cone programming (SOCP) has attracted
much attention due to a broad range of applications in fields from engineering, con-
trol, and finance to robust optimization and combinatorial optimization (see, e.g., [1]
for an introduction to the theory and its applications).
Consider the second-order cone defined as

K= {(z1,22) € RX R™ | [lza] < 21},

where || - || denotes the Euclidean norm. Bonnans and Ramirez gave the characteriza-
tion for the second-order tangent set [3, Lemma 27|, and used it to formulate second-
order necessary and sufficient optimality conditions for nonlinear SOCPs. Since the
second-order cone is not polyhedral, the second-order tangent set is not polyhedral [3].

In recent years, there has been more and more research on the second-order cone
(SOC) complementarity system defined as

K>G(z) L H(z) e K,

where u L v means the vectors u and v are perpendicular, G(z), H(z) : R — R™.
One of the sources of the SOC complementarity system is the Karush—Kuhn—Tucker
(KKT) optimality condition for second-order cone programming (see, e.g., [1, 5]), and
the other is the equilibrium system for a Nash game where the constraints involve
second-order cones (see, e.g., [14]). We call the closed cone

Q:={(z,y) eR*™ |K>2 LycKk}

the SOC complementarity set (or the complementarity set associated with the second-
order cone; c.f. [15]). Using the SOC complementarity set, the SOC complementarity
system can be reformulated as (G(z), H(z)) € 2. Due to the existence of the comple-
mentarity condition, the SOC complementarity set is a nonconvex set. Moreover, due
to the nonpolyhedral structure of the second-order cone I, the SOC complementarity
set is also nonpolyhedral. Hence the SOC complementarity set is a difficult object to
study in the variational analysis.

The main goal of this paper is to provide a precise formula for the second-order
tangent set to the SOC complementarity set ). The projection operator over the
second-order cone I (z) := argmin, ¢k ||z’ — z|| is one of our main tools in the
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subsequent analysis. It is well known that the metric projection operator Ii(z)
provides an alternative characterization of the SOC complementarity set:

(2) (z,y) € V<= Tlx(z —y) = z.

The projection operator Ix(z) is known to be first-order directionally differentiable
(see, e.g., [17, Lemma 2]) and the connection between its tangent cone and its direc-
tional derivative has been given (see [15, 21]): for any (x,y) € Q,

(3) (d,w) € To(z,y) <= Ujc(z —y;d — w) =d.

Using this connection, it has been shown that the SOC complementarity set 2 is
geometrically derivable and the exact formula for its tangent cone is given; see, e.g.,
[21, Theorem 5.1]. Moreover, the coderivative of the projection operator I allows us
to characterize the various normal cones as in [20, Proposition 2.1] and show that the
SOC complementarity set is not only geometrically derivable but also directionally
regular [21, Theorem 6.1]. So far, by using the first-order variational analysis, it has
been revealed that although the SOC complementarity set is neither a convex set nor
the union of finitely many polyhedral convex sets, it enjoys certain nice properties
that a convex set or the union of finitely many polyhedral convex sets have. In this
paper, we continue to investigate the second-order variational properties of the SOC
complementarity cone. Our main contributions are as follows.

e We derive the exact formula for the second-order directional derivative of
the projection operator over the second-order cone. We further establish
the connection between the second-order tangent set and the second-order
directional derivative of the projection operator: for any (z,y) € € and
(d,w) € To(x,y),

(4) (p, @) € To((2,y); (d,w)) <= T (z —y;d —w,p— q) = p.

e We show that the SOC complementarity set is second-order directionally
differentiable (see Definition 2.2). Note that this nice property is not even
enjoyed by a convex set (see [4, Example 3.31]).

e Using the characterization (4) and the precise formula for the second-order
directional derivative of the projection operation over the second-order cone,
we derive the exact formula for the second-order tangent set of the SOC
complementarity set. Compared with the usual vector complementarity set,
our research shows that the task of establishing the formula of the second-
order tangent set to the second-order cone complementarity set, which has
nonpolyhedral and nonconvex structure, is not trivial.

e Based on the exact formula of the second-order tangent set of {2, we develop
the second-order optimality conditions for the mathematical program with
second-order cone complementarity constraints (SOCMPCC).

We organize our paper as follows. Section 2 contains the preliminaries. In sec-
tion 3, we calculate the second-order directional derivative of the projection operator
over the second-order cone. Section 4 is devoted to the exact formula of the second-
order tangent set to the SOC complementarity set. The second-order optimality
conditions of SOCMPCC are discussed in section 5.

2. Preliminaries. In this section, we clarify the notation and recall some back-
ground material. First, we denote by R, and R, the set of nonnegative scalars and
positive scalars, respectively, i.e., Ry := {a | @ > 0} and Ry := {a& | @ > 0}. For a
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set C, denote by intC, clC, bdC, coC, C¢ its interior, closure, boundary, convex hull,
and complement, respectively. For a closed set C C R™, let C° and o(:|C) stand for
the polar cone and the support function of C, respectively, i.e.,

C°:={v | {(v,w) <0VweC}

and o(z|C) := sup{(z,z) | = € C} for z € R™. Denote by linC' the largest subspace
L such that C + L C C. For a vector x = (z1,22) € R x R"™!, we denote by
x° the polar set of the set {z} and by & := (x1, —z2) the reflection of vector x on
the z; axis. For a nonzero vector x, we define z := x/|z|. Let o()\) : Ry — R™
stand for a mapping with the property that o(A)/A — 0 when A | 0. For a mapping
F : R" —» R™ and vectors x,d € R", we denote by VF(z) € R™*" the Jacobian
of F at x, by V2F(x) the second-order derivative of F' at z, and by V2F(x)(d,d)
the quadratic form corresponding to V2F(x). The directional derivative of F at x in
direction d is defined as

F(2:d) = lim L& 1)~ F(@)
T 40 t ’

provided that the above limit exists. If F' is directionally differentiable at = in direction
d, its parabolic second-order directional derivative is defined as

)

F td + Lt2w) — F(z) — tF' (x;d
F"(x;d,w) := lim (x4 2 w)l (@) (3d)
tlo 5152
provided that the above limit exists. Moreover if the limit
F(z+td+ 3t*w') — F(z) — tF'(z;d)

142
5t

F"(z;d,w) = lim
£10,
w’ —w

exists, then F is said to be parabolical second-order directionally differentiable at x
in the direction d in the sense of Hadamard. In general, the concept of parabolical
second-order directional differentiability in the Hadamard sense is stronger than that
of parabolical second-order directional differentiability. However, when F' is locally
Lipschitz at x, these two concepts coincide. It is known that if F' is parabolical
second-order directional differentiable in the Hadamard sense at x along d, w, then

1 1
F<x +td + §t2w + 0(t2)) = F(x) +tF'(x;d) + §t2F”(x; d, w) + o(t?).

DEFINITION 2.1 (tangent cones). Let S C R™ and x € S. The regular/Clarke,
inner, and (Bouligand—Severi) tangent/contingent cone to S at x are defined respec-
tively as

/

i :{deRM‘wkw, oSz, Edk%dwithkartkdkeS},

Ts(x) := limsinf
' S,

10

Ti(x) = lir?i%nf i

x:{deRm‘WkU), Eldk%dwitthrtkdkeS},

Ts(x) = limsup ? - {d ER™ ‘ 3t 10, dy — d with  + tpdy € S}.
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The inner and outer second-order tangent sets to S at x in direction d are defined
respectively as

; 1
T;Jz(ac; d) = {w eR™ ‘ dist (x +td+ §t2w, S) =o(t?), t > 0} ,
1
T2(z;d) := {w cR™ ‘ 3 t, | 0 such that dist (x +t,d+ itiw, S> = o(ti)} .

While for a nonconvex set S, the contingent cone Ts(z) may be nonconvex, it
is known that the regular/Clarke tangent cone Ts(z) is always closed and convex.
By definition, since the distance function of a convex set is convex, it is easy to see
that the inner second-order tangent set is always convex when the set S is convex.
On the other hand, the outer second-order tangent set may be nonconvex even when
the set S is convex (see [4, Example 3.35]). Note that Té’Q(z; d) C T2(x;d) and the
outer second-order tangent set Tg (z;d) need not be a cone (it may be empty; see,
for instance, an example in [18, Page 592]). If T;’Q(x;d) = TZ(x;d), we simply call
TZ(z;d) the second-order tangent set to S at z in direction d.

DEFINITION 2.2 (see [4, Definition 3.32]). A set S is said to be second-order
directionally differentiable at x € S in a direction d € Ts(x) if Ti(x) = Ts(x) and
Tg*(2;d) = T3(x; d).

DEFINITION 2.3 (normal cones). Let S C R™ and x € S. The regular/Fréchet,
limiting/Mordukhovich, and Clarke normal cone of S at x are defined respectively as

Ns(z) = {v e R™ ‘ (v, —x) <o(||Jz' —z||) Vo' € S},

Ns(z) := hmsupﬁS(f) = {kli_)ﬂgovk ‘ v € Ns(ay), o > I},
xSz

N§(x) := clcoNg(x).

LEMMA 2.4 (tangerlt—normal polarity (see [18, Theorem 6.28], [6])). For a closed
set S CR™ anda € 8, Ts(x) = (Ns(x))® = (N§(2))°, Ns(@) = (Ts())°, (Ts(@))° =

We recall some known results concerning the second-order cone K in R™. The
topological interior and the boundary of K are

itk = {(1,22) €ER xR™ 1 | 2y > ||a2}
and

bdl = {(z1,22) € R X R™ ™ [ 21 = |||},

respectively. Similar to the eigenvalue decomposition of a matrix, for any given vector
x = (71,72) € R x R™71 z can be decomposed as (see, e.g., [9])

T = Al(x)ug) + )\g(x)uf),

where \;(z) and u;” for i = 1,2 are the spectral values and the associated spectral
vectors of x, respectively, given by

(1,(=1)'z2) if 22 #0,

Ni(z) =z 4 (=1)Y|z]| and wlV) = ,
if xo =0,

N[ N[

—~
—_
—~
I

—_
~—
S

S
~

with w being a fixed unit vector in R™ 1.
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LEMMA 2.5 (see [3]). For any z,y € bdK\{0}, the following equivalence holds:
2Ty =0 y=ki withk =y, /x1 >0 <=y = ki with k € R.

For a given real-valued function f : R — R, we define the SOC function f° :
R™ — R™ as

() £202) = a2) ul? + f (o (2) ul®).

For z € R™, let I (z) be the metric projection of z onto K. Then by [9], it can be
calculated as

(6) M (2) = M (2)pul + Aa(2)5ul,

where oy := max{a,0} is the nonnegative part of the number o« € R. Hence the
projection operator Ik () is an SOC function corresponding to the plus function

fla) == ay.

3. Second-order directional derivative of the projection operator over
the second-order cone. As commented in the introduction, there exists a close
relationship between the second-order tangent set of the SOC complementarity set
and the second-order directional derivative of the projection operator Ii; see (4).
Therefore, to obtain the exact formula of the second-order tangent set, we need to
calculate the second-order directional derivative of the projection operator IIx. This
task is done in this section, which is of independent interest. For convenience of
notation, we sometime use ®(x) instead of Z to stand for a/||z|| as x # 0. It is easy to
verify (see, e.g., [23, Theorem 3.1]) that @ is second-order continuously differentiable
at & # 0 with

Vo(z) = (I —zz")/|z],

! 3zzT — 1
V20(z)(w, w) = e () wx
]| ]|
zTw 1
=27 _Vd(z)(w) - —w! VO(z)wz,
[l ]

where [ is the identity matrix in R™*™,
Since the second-order cone K is a special circular cone Ly defined by

Lo := {(.Il,iﬁz) cR x R™! | COSG“Q?H < .171}

with 8 = 45°, the SOC function f%°¢ is a special case of the circular cone function
[~ studied in [23] with § = 45°. The following result follows from [23, Theorem 3.3]
immediately.

LEMMA 3.1. Suppose that f : R — R. Then, the SOC function f5°¢ is parabolic
second-order directionally differentiable at x in the Hadamard sense if and only if f
is parabolic second-order directionally differentiable at \;(x) in the Hadamard sense
fori=1,2. Moreover,

(i) if 2 =0 and da = 0, then

(f°) (;d,w) = f (w13di,wi — |Jwol) uld) + £ (x15d1, w1 + [Jwa]]) ul;
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(ii) if xz2 = 0 and ds # 0, then

(fsoc)” (z;d, w) = f” (xl;dl — |lda]|, w1 — ngw2) uc(il)
+f (z1idy + ||da]l, w + dbws) u((f)

+%<.f’($l;d1 + \ld2ll) = f'(z15dy — ||d2||)) (VQ)(O ) ;

d2)w2

(iii) if o # 0, then

()" (wd, w)
= f” (1‘1 — HI’QH, dl — £2Td2,w1 — [fng =+ dqu)(xg)dﬂ) Ugcl)
—|—f” (.1‘1 + H.IQH, dy + jgdg, w1 + [i‘ng + dgvfb(xg)dz]) uf)

_ _ 0
(7 ol + 25 - o1 aali s = 55) (g oy, )

1 0
+§ (f(xl + ||x2||) - f(xl - ”352”)) (V(I)(x2)w2 + VQ(I)(.TQ)(dQ,dQ)) .

Since the projection operator Iic(+) is the SOC function corresponding to the plus
function f(«) := a4, we will need the second-order directional derivative of the plus
function.

LEMMA 3.2 (see [22]). Let f(a) := a4 for « € R. Then f is parabolic second-
order directionally differentiable at x in the Hadamard sense and

d if x>0,
fx;d) =< dy if 2 =0,
0 ifaz<o0,

and

w fx>0o0rx=0,d>0,
0 ifz<0orax=0, d<0,
wy fx=d=0.

f//(x;d,u)) =

Since in the formula of the second-order directional derivative of the projection
operator we will need the tangent cone and the second-order tangent set for the set
K and its polar K°, for convenience we summarize their formulas in the following two
lemmas.

LEMMA 3.3 (see [3, Lemmas 25 and 27]). For any x € K, one has
RrR™ if x € intkC,

K if =0,
{deR™ | —dy +2ldy <0} if 2 € bdK\{0}.

T (z)

For any x € K and d € Tx(x),

R™ if d € intTk(x),
TE(z;d) = { Ti(d) if 2 =0,
{w | wlze —wizy < d? —||d2||?} if 2 € bdK\{0}, d € bdTk ().
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Applying [3, Lemmas 25 and 27] to K° = —K yields the following result.

LEMMA 3.4. For x € K°, one has

R™ if x € intke,
Tio(x) = Ke if £ =0,
{d e R™ | dy + i‘gdg < O} if x € bdKo\{O}

For x € K° and d € Txo(x), one has

R™ it d € intTko (),
T2 (x;d) = { Tico(d) if z=0,
{w | wlzy —wizy < d3 —||d2||?} if 2 € bdK°\{0}, d € bdTk-(z).

We are now ready to give the second-order directional derivative of the projection
operator.

THEOREM 3.5. The projection operator Il is parabolic second-order directionally
differentiable in the Hadamard sense. Moreover, for any x,d,w € R™, the second-
order directional derivative can be calculated as in the following six cases.

Case (i): = € intK. We have Iy (z; d, w) = w.

Case (il): € intk°. We have Iy (z;d,w) = 0.

Case (iii): « = 0. We have

M (a3 d,w) =
w if d € int/C,
0 if d € intk°,
: v F s if de (KUK?°)
5 d 7 d if d e U Ke)e,
2 {w1—m672rw2} do + [14—@} W
w if d € bdK\{0}, w € Tk (d),
1 w1y + J§WQ .
5 = f d € bdC\{0 Tic(d),
2 <2w2+(w1_£w2)d2 1 \{ }7 U}¢ IC( )
0 if d € bdK°\{0}, w € T (d),
+(wy + d3 ws) (di) if d € bdK°\{0}, w ¢ Tico(d),
I (w) if d=0.
Case (iv): x € bdKC\{0}. We have
O (2;d, w) =
w if d € intT(x),
w if d € bdTx(z), we TE(z;d),
2 2

1 wi + Ty w2 + Hd?ula‘ggﬂdl , )

9 7 lldz]2—d2 ] - if de de]C(.’L'), w ¢ TIC('T; d),
[wl — Ty W2 — L To + 2wsy

=T lld2]|* — (23 d2)*
! R G = . it d € Tie(x)°.
2 [w1 — i’ng — ldz| 73(1’2“22% +2d1 7, d To + 2wo + QdWx?Hdz do
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Case (v): € bdKC°\{0}. We have

My (x;d,w) =
0 if d € intTyo (),
0 if d € bdTxo(z), w € TE.(x;d),
1 _
5 (11 + 2Fw, + 1541 1 if d € bdTie (z),w ¢ T2, (z;d),
2 feal ) \ 7, %
2_ (2T 4.2
1 wy + 7wy + 125 de) R
2 —3(z8 dy)?—2d, 77 dy if d € Tico(z)°.

2
|:1,U1 —|—£2ng 4 ||d2]| i|i‘2 +2d1+rz d2d2

[EA] [EA

Case (vi): z € (KUK®)°. We have

M (w; dy w) =
2 =T 2
wy + Ffwy + 1o d)
1
- _ ds] -
o | |- e we — i (ldall? — 3(22 d2)?) — legﬁizn}x?

za||dy—z1 2L d
voleliepsied, o 14+ g2y v,

Proof. By (5) and (6), the projection operator I is the SOC function f%°¢ with
f(t) :=t4. Applying Lemmas 3.1 and 3.2 will give the parabolic second-order direc-
tional differentiability of IIx in the Hadamard sense and a formula for H;/C. However,
in some cases the formula obtained will still involve the plus operator (-);. In this
theorem we aim at obtaining the exact formula as proposed. For some cases, e.g.,
in the cases in which x € intK; z € intK°;, x = 0, d € intkC; x = 0, d € intK°;
x =0, d =0, we can prove the results by directly using the definition of the second-
order directional derivative. In some other cases, e.g., in the cases in which x = 0,
d € bdK\{0}; x = 0, d € bdK°\{0}; = € bdK\{0}, d € bdTk(z); x € bdK°\{0},
d € bdTys(x), we can further use the representation of tangent cones in Lemmas 3.3
and 3.4 to obtain the proposed exact formula. For simplicity, we only prove some of
the cases. The others can be obtained by following similar arguments.

The case in which = € intK. In this case Il (z) = z, Mj.(z;d) = d, and i (x +
td+ 1t*w) = x + td + 1t%w for ¢ > 0 sufficiently small. Hence

X (z + td + §t*w) — Mg () — T (z;d
1, ) g 1 580) = e (@) = i (i d)
tl0 §t2

= w.

The case in which x = 0 and d € intKC. In this case IIx(z) = 0 and IT)-(z;d) = d.
Note that

O <x +td + ;th) =TIk <td + ;t2w> =td + %th
for t > 0 sufficiently small. Hence H;/C (z;d,w) = w.
The case in which x = 0 and d = 0. It is obvious that IIx(0) = 0, I}-(0;0) = 0,
and i (z 4 td + 3t*w) = i (3t*w) = 3t?Txc(w). Hence H;/C(x; d, w) = i (w).
The case in which x = 0 and d € bdKC\{0}. Then IIx(x) = 0 and dy = ||dz2]|| # 0.
Directly applying Lemmas 3.1(ii) and 3.2 yield

(1) 1o dow) = =) (g )+ 5o e (3)+ (1 iy,
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Recall from Lemma 3.3 that w € Tx(d) if and only if wy > dZwy. It follows from (7)
that

w ifw e T;C(d)7
My (x;d,w) = {1 wn + dywy if w ¢ Tic(d)
2 \ 2wq + (w1 — ngg)dg r '

The case in which x € bdK\{0} and d € bdTx(x). Then x; = ||z2| # 0 and
—dy + z}dy = 0. Directly applying Lemmas 3.1(iii) and 3.2 yield

0 o e B ()

2|12 —d3
lz2]|

+ = 2 2
2 (wl — 5w, — 2" —dy 7d1> T2 + 2wa

[EA]

_ d
w1y + xgwg + I

Recall from Lemma 3.3 that w € T2 (z;d) if and only if wd zo — wizy < d3 — ||da|%.
Hence it follows from (8) that ITy-(z; d, w) = w if w € T (x;d) and

2 2
" 1 w1 + ing + ”dzﬂlzﬂdl
HIC($;da w) = 9 7 lld2]|
(w1 — Ty Wy — W) To + 2wo
if w ¢ TE(z;d). d

4. Second-order tangent set for the SOC complementarity set. This
section is devoted to deriving the exact formula for the second-order tangent set to
the SOC complementarity set. To this end, we first build its connection with the
second-order directional derivative of the projection operator Ilx, whose existence is
guaranteed by virtue of Theorem 3.5.

PROPOSITION 4.1. For any (z,y) € Q and (d,w) € Ta(z,y), one has

757 (2, 9); (d,w)) = T3 (2, 9); (d w) = {(p,q) | Tie(w — y3d —w,p — q) = p}.

Proof. Since Té’z((x?y); (d,w)) C T2((z,y); (d,w)), it suffices to show

75 (2, 9); (d,w)) € Y ((2,9); (d, w)) € T3 ((w,9); (d, w)),
where
T ((2,): (d,w)) = {(p,q) | (& — y:d —w,p — q) = p}.
Let (p,q) € T3((x, y) (d,w)). Then by definition, there exist ¢, | 0, (a(t,),B(t,)) =

)
( 2) such that (z,y) + t,(d, w) + 3t2(p, q) + (a(tn),ﬁ( n)) € Q. By the equivalence
in (2), it follows that

i~y + ta(d —w) + 5230 — 4) +altn) — 5(t))

1
= +t,d+ ﬁp+a()

= k(e —y) + tallic(z - y;d - w)+2tnp+a< n),

where the last equality follows from the equivalences in (2) and (3). Therefore,
M (z —y;d —w,p—q) = p, ie., (p,q) € T((z,y); (d, w)).
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Now, take (p,q) € Y((x,y); (d, w)), i.e., H;/C(x —y;d—w,p—q) =p. Fort >0,
define

r(t) .= Ik (m —y+it(d—w)+ %tQ(p - q)) — g (z —y) — tlljc(z — y;d — w)

1 1
- §t2H1<(33 —y;d—w,p—q).

Then r(t) = o(t?) according to the second-order directional differentiability of IIx by
Theorem 3.5. Note that

Ik (:c —y+td—w)+ %tQp +r(t) — 1152q - r(t))

N}

:HK<x—y+t(d—w)+;t2(l)—Q)>

]_ "
=Tx(z —y) + tHj(z — y;d — w) + §t2H,C(xfy;d7w,pfq)+T(t)
1,
=z+td+ it p+r(t),

where the last equality follows from the equivalences in (2) and (3). This together
with equivalence (2) yields that

1 1
(:c +td + §t2p +r(t),y +tw+ §t2q + r(t)> €.

This means that (p,q) € Té’z((x, y); (d, w)) The proof is complete. d

Remark 4.1. The proof of equivalence (4) in Proposition 4.1 is very similar to that
of equivalence (3) in [21, Proposition 5.2]. Note that although the equivalence (3) was
shown in [15, Proposition 3.1], the proof in [21, Proposition 5.2] is much more concise
without going over each possible case, as in [15, Proposition 3.1]. Moreover, from the
proof of [21, Proposition 5.2], one can see that the equivalence (3) can be extended
to other convex cones K as long as the projection operator Il satisfies directional
differentiability. Similarly, from the proof of Proposition 4.1, we can see that equiv-
alence (4) in Proposition 4.1 can be extended to other convex cones K whenever the
projection operator I satisfies parabolic second-order directional differentiability in
the Hadamard sense.

The above result tells us that for characterizing the structure of the second-order
tangent set to (2, we need to study the expression of the second-order directional
derivative of the projection operator IIx, which has been obtained in Theorem 3.5.
With these preparations, the explicit expression of the second-order tangent set to
is given below. For convenience, we recall the formula for the tangent cone first.

LEMMA 4.2 (see [21, Theorem 5.1]). For any (z,y) € Q,

TSZZ (SU, y) = TSZ ($, y)

deR™ w=0 if x € intkC, y = 0;
d=0, weR™ if =0, y € intk;
T —ypdeRy, dly wlzx if x,y € bdK\{0};

=19 G Te(z), w=0ord L& weR g if z€bd\{0}, y=0;

d=0, weTk(y)ordeRLg, wlyg if x=0,yebdl\{0};
dek, wek, d L w ifx=0, y=0
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According to Proposition 4.1 and Lemma 4.2, we obtain the following result.

THEOREM 4.3. The set Q is second-order directionally differentiable at (z,y) €
in direction (d,w) € To(z,y).

Remark 4.2. Tt is well known that for a convex set, the tangent cone and inner
tangent cone coincide, but the inner and outer second-order tangent sets can be
different; see [4, Example 3.31]. Here we show that the SOC complementarity set €2,
although it is nonconvex, is second-order directionally differentiable, i.e., the tangent
cone and inner tangent cone coincide, and the inner and outer second-order tangent
sets coincide as well.

The inner and outer second-order tangent sets to product sets have been studied
in [4, Page 168]. In particular, for C' := Cy x --- x Cp, with C; € R™ at certain
x=(x1,...,2y,) with z; € C;, according to [4],

TE (w5 d) = TG  (w15d1) X -+ X TG (T din)
and
(9) Té(x;d) CTE, (x15d1) X -+ X TE (T dim).

If all except at most one of C; are second-order directionally differentiable, then
the equality holds in (9). Noting that the second-order cone complementarity set is
second-order directionally differentiable, Theorem 4.3 can then be extended to the
Cartesian product of finitely many second-order cone complementarity sets.

COROLLARY 4.4. Suppose Qq, ...,y are all SOC complementarity sets. Then the
Cartesian product  := Q1 X Qg X -+ X ; is second-order directionally differentiable
at every (z,y) € Q in every direction (d,w) € To(x,y) and

T (2, y); (dyw)) = T3, ((w1,51); (da, w)) X -+ x T, (@0, 0); (di, wr)).
Proof. Since

(d’w) € TQ(J?,y) = TQ1(3317?J1) X X TQl(xl7yl)7
(di,w;) € To, (xi,y;) for i =1,...,1. Take (p,q) € T3((x,y); (d,w)). Hence

To((,y); (dw) €T3, (w1, 91); (da,wr)) X -+ x T, (w1, 1) (diy wy))
= T52 (w1, )i (dawi) X - x T2 (v, m); (dy )
= 157 ((2,y); (d, w)),
where the first inclusion and the second equation follows from [4, Page 168], and the
first equation comes from Theorem 4.3. ]

THEOREM 4.5. For any (z,y) € Q and (d,w) € Tqo(z,y), the formula of the
second-order tangent set for the SOC complementarity set can be described as in the
following six cases.

Case (i): z € intK and y = 0. We have T3 ((z,y); (d,w)) = R™ x {0}.

Case (ii): =0 and y € intK. We have T ((z,y); (d, w)) = {0} x R™.

Case (iii): z,y € bdK\{0}. We have

T5 (2, y); (d, w))
pE de,%(;v;d)7 q € de,%(y;w),
= {(n q)

(z1w1 — y1dr) ('”2;11””72 - dz;‘fliz) —P1Y2 — (172 = T1G2 + Y1P2 } ‘
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Case (iv): = € bdK\{0} and y = 0. We have

73 ((z,y); (d, w))

q=0, if d € intT(z), w=0;
p € TE(z;d), ¢q=0, or p € bdTE(x;d), q € Ryd

=< (p,9) if d € bdTx(z), w=0;
p € bdTE(z;d), —q1Z2 — Qﬁ — 2% = qo,

lfdJ_j, ’U}ER++.’Z’
Case (v): x =0 and y € bdKC\{0}. We have

75 ((z,y); (d, w))

p=0, if d=0, weintTk(y);
p=0, g€ T(y;w), or p € Ry, q € bdTE(y;w)
=14 (.9 if d=0, webdTk(y);

q € bATR(y;w), —p1g — 29 — 2942% = p2,
ideR++:l), ’IUJ_g

Case (vi): z =y =0. We have T3 ((z,y); (d,w)) = To(d, w).

Proof. By Proposition 4.1, to describe an element (p,q) € T3((z,y); (d,w)), it
suffices to describe an element (p,q) satisfying H;/C(x —y;d —w,p—q) = p. For
simplicity, we define z :=x —y, £ :=d —w, and n:=p — q.

Case (i): = € intK and y = 0. Since z = x — y € intK, by Theorem 3.5(i), we
have Il (x — y;d — w,p — ¢) = p — q. It follows that

Hy(z —y;d—w,p—q) =p <= q=0.

Hence T3 ((z,y); (d, w)) = R™ x {0}.
Case (ii): x =0 and y € intK. Since z = x —y € —intK, by Theorem 3.5(ii), we
know that H,/C(z; d—w,p—¢q) = 0. It follows that
M (z —y;d —w,p—q) =p <> p=0.

Hence T3 ((z,y); (d,w)) = {0} x R™.
Case (iii): z,y € bdK\{0} and 2Ty = 0. In this case 1 = ||z2|| # 0 and by
Lemma 2.5,

(10) Z:x_y:(xlaxQ)_k(xla_xQ):((1_k)x17(1+k)m2)7 k:yl/xb

This yields z1 +||22]] = 221 > 0 and 21 — ||22|| = —2kz1 < 0, i.e., z € (KUK®)°. Then
by Theorem 3.5(vi), II;-(z; &, 1) = p, where p = (p1,p2) € R x R™~! if and only if

1 . 2 _ ET 2
(11) P11 =5 (771 + 23 m2 + lI&2]l” = (2 €2)° ) ;
2 [| 22|
1 21 _T <1 2 T \2 52T€2 _
pp=s|m-—-g—z 772—7[”52” —3(%&2) } =267 | z2
2 < [l 22| ? [| 22|

z ol 1 z
(12) +H2”€1—12§2§2+§ <1+1) 7.

1222 [E21]
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We now try to derive equivalent expressions for (11) and (12). Since (d,w) €
Ta(z,y), according to Lemma 4.2, z 1 w, y L d, and there exists § € R such that

1w — y1d = Pz, from which and also from z1 = ||x2|| # 0 we have
(13) wy = kdy + B, ws = —kdy — B%a,

and

(14) Thwy = —wy, Zidy =d;.

Note that zo = Zo by (10). Hence it follows from (13) and (14) that

(15) 71 € = 7L (dy — wy) = dy + w1 = (1 + k)dy + 3,
12]” = lld2 — wa||* = [|(1 + k)da + BZ2]|?
= (k4 1)?||do|> + 28(k + 1)d; + 2,
(16) &1=dy —w = (1—k)d — 8.

Hence (11) can be rewritten as

_ xr1 +
(17) Pr=—q+ 2 (2~ )+ g L2 (||dQ||2 . d%).
1

The term in front of Z5 in (12) becomes

1 zZ1

21T 2 ST \2 73 &2
5 (771 - MZQ N2 — ||252||2 |:||€2H - 3(22 52) :| - 251 )

[|22]]
[€al* — (2552)2> ozt el

1 _
=<771+Z§772+

2
2 [l z2]] 2|z
21 + |22 { T N2 2 21 Te N2 §1 /7
+S o e - el + | s e) - (e
el L2 e 28~ (2 4)
Yip1 — T1q1 1 — Y1 2 1 2 2
= + dy +wy)” — di —w ]
x1+ Y1 {(201 +y1)2( ! ) $1+y1( ! )
_yip1 - i@ 4 2I1w% + x1diwy — y1ds — yrdywn
1+ Y1 (21 +y1)? ’

where the second equality uses (10), (11), and (15)—(17). It follows from (15) and
(16) that the term in front of & in (12) is

-T _
51 21 Z2£2_ 1 (dl—wl)—miylz(dl—&-wl):Q

_ y1d1 — T1Ww1
lz2ll [zl [l22ll 214w (14 1)

(x14+31)?

The term in front of 7y in (12) is 1/2(1 4 (21/[22]])) = @1/(21 + y1). Hence (12) can
be rewritten as

Y1Pp1 — T1q1 1wt 4+ z1dywy — yrdi — yrdiwy  _
p2 = +2 3 T
T1+ Y1 (1 +y1)

y1di — T1Ww1 z
L2 St O Y N
(z1+y1)? (2 2) 1+ Y1

(pz - q2)-
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Further notice that (y1p1 — 1¢1)T2 = —p1y2 — @122 and

y1di — T1wy 961111% + r1dywy — y1d% —y1diwy _

dy — wo) + 2 T
(1 +11)? (d2 2) (1 +91)? ?
—z13 _ z168% + y1di S+ x1d1 B _
=2——— (1 + Kk)dy + BT2] + 2 T
(71 +y1)2[( )da + Bz (1 +y1)? 2
B _ Tiwy — Y1dy _
—2 Cdy + diTs) = 2 TN gy ),
x1+ Y1 ( ? 1:02) z1(r1 4+ Y1) ( ? 11152)

where the first and third equations use (13) and the fact that y; = k1. Hence (18)
can be rewritten as

r1w1 — y1dy

Y1p2 + T1g2 = 273; (—d2 + d1ZT2) — pry2 — Q122
1
Wo — WY —dy + diT
(19) = (z1wy — y1dy) ( 2 ” L . L 2) — P1Y2 — Q1 T2,
1 1

where the second step comes from the fact that (—ds + d1Z2)/z1 = (w2 — w1Y2) /Y1
due to (13). Hence (11) and (12) are equivalent to (17) and (19).
Now, multiplying (19) by #1 and using (14) yields

(20) T1T5 g2 + Y13 P2 = YipL — T141-
Hence it follows from (17) and (20) that

Yi\ -1 Y 1+ 2 2
=|1+= - = do||* —d
Y41 ( +z1>m2p2 x1p1+ x% (H 2l 1),
that is,
1
(21) P1 :E§p2+x—(|\dz|\2 —d}) < p € bdTE(z;d).
1

Since dy = (w1 — B)/k, da = —(w2 + BZ2)/k by (13), and wl To = —w; by (14), we
see that

Ida|* = dt _ JJwa|® — wi

2 2
L1 Y1

Similarly, it follows from (17), (20), (22), and T3 = —%, that

(22)

T T\ _ T+
Q1=—Q1+<1+) Us g2 + 5 (ngHz—wf),
Y1 Y1 Yi
that is,
1 _
(23) ;(IIszI2 —w}) =q1 — 73 g2 <= q € bdTE(y; w).

Hence, along the line

the desired result follows.
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Case (iv): z € bdK\{0} and y = 0. In this case z = & — y = « € bdK\{0}.

, Case (iv-1): d € intTx(z) and w = 0. Then & =d-w=de intTi (x). Hence
II;-(2;€,n) = n by Theorem 3.5(iv). It follows that IIj.(z — y;d —w,p—¢q) = p if and
only if ¢ = 0.

Case (iv-2): d € bdTx(x) andw = 0. Then & = d € bdTi (z). Hence ITy-(z;€,7) =
Iy (; d,n) and, by Theorem 3.5(iv),

My (z;d,m)
Ui if n € TZ(z;d),
- lldz|>—d3
=¢ 1 M+ z3ne + _
2 e ndzw—ry%m”f if n ¢ T (x;d).
m — a2 — T2l T + 27]2

Note that n € TE(z;d) <= nixzs — mzy < di — ||d2||* by Lemma 3.3. Hence
H;/C(ac; d,p — q) = p if and only if either p — ¢ € TZ(x;d) and ¢ = 0 or the following
system holds:

_ da||? —d3
m — 335772 —1 2\|Uﬁz\| L <0,

_ ds)|?—d?
@ (o + [+ IS
2| —d}

_ d _
% <771 - {ngQ + HHTH}) To + 12 = p2.

We now further simplify the system (24):

=T llda||® —d? =T lldz |12 —d?
m— o+ 0S| <0 m — |2 + 1554 <o,
24 _ d 2_d2 _ _ d 2_d2
(24) 1Bt —py g, T @l - 7l + 1B =y 4 g,
3(m—p1—q1)T2 = ¢ —1T2 = o
2 2
m— [ﬂw + %} <0, @ >0,
- da |2 —d? =T lldz|®~d? _
S+ s =, T TP F Ty =P
—q1T2 = q2 —q1T2 = G2
geR 42,
p € bdTE (x; d).
Hence either p € TZ(x;d) and ¢ = 0 or ¢ € Ry ;& and p € bdTE(x;d).
Case (iv-3): d L & and w € Ry ;4. Then z3dy = d; and 2wy = —w;. Hence
(25) & —Ty& = di —wy — T3 (dy — wa) = —2w; <0,

which implies £ € Tx(z)¢ by Lemma 3.3. Thus by Theorem 3.5(iv), H;'C(z;f,n) =p
takes the form

2_(zT¢.)2
% (771 +Z3m2 + S Hr(zlf L ) = D1,

_ l&al?=3(25 &2)°+26127 6o

(26) =T
% (771 - jgn2 BN ) T + 12 + STz b &2 = pa.

flz=2 ]l
Note that

G356 — (236)° = (& — 13 6)25 & = —2wi(d1 + w),
162l = (25 €2)* = [|d2 — wa||* = (dy + w1)? = ||da||* — dF,
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where we have used the fact that d L w and wy = —w1T2 duetod L 2 and w € Ry 2.
Therefore
I€2]1* — 3(2362)% + 26135 &2 _ ||&|® — (#362)° + 2€1sz52 — (#3&)?
[E2| [E2Y] [E2Y]
(27) _ lda|® —dt wi(di + wn)
[E2Y] (E21
Putting (25) and (27) into (26) yields

"

k(z:6m) =
_ ds || —d?
ds|? w

(%771 3 [332 n2 + %] + 21 (dy + wl)) Ty — 27y (d2 —w2) = g2
1

2

1

2

do|?—d?
(771 + T + H 7&:2“ 1) = p1,

,_/H,—LI /—/%\)):l

—q+ 27 (d + ) ) B — 272 (da — w2) = g
ldalI2—d2 _
(771 +$2772+ M2l 1) = P1,
_ _odiwy _ ogwidy __
QT2 = 2 f — 27t = @

_ da||®—d3
xgp? + I 2H|L2H Lt =p1,
e _9widy  9diws __
N2 = 2, = 2t = @
Here the third equivalence uses the fact that we = —w1Z2 due to w € Ry, 2 and the

last step follows from substituting the expression for g» in the second equation into
the first one to obtain

T T _ wids dywo
= — 1Ty —2——= — 2= ) = —
Tl ( RPN ||x2|> o

The desired result follows by noting that p € bdT2(z;d) if and only if z21ps +

ldalP—di _ ) by virtue of L 3.3
Twa] ~ — P1 by virtue of Lemma 3.3.

Case (v): x = 0 and y € bdK\{0}. The proof is omitted, since this case is
symmetric to Case (iv).

Case (vi): £ =0 and y = 0. Since €2 is a cone, according to the definition of the
second-order tangent set, we have
From all the above, the proof is complete. ]

5. Second-order optimality conditions for SOCMPCC. In this section, as
an application of the second-order tangent set for the SOC complementarity set, we
consider second-order optimality conditions for the mathematical programming with
second-order cone complementarity constraints (SOCMPCC):

(28) min f(z) st. K>G(z) L H(z) e K,

where f : R™ — R and G, H : R® — R™ are second-order continuously differentiable.
For simplicity, we restrict our attention to the simpler case, i.e., K is a m-dimensional
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second-order cone. All analysis can be easily carried over to more general cases where
K is a Cartesian product of some second-order cones. SOCMPCC is an important
class of optimization problems that has many applications. We refer the reader to
[19, 21] and references therein for applications and the first-order necessary optimality
conditions.

Define F(z) := (G(z), H(z)). Then SOCMPCC (28) can be rewritten as
(29) min f(z) s.t. F(z) € Q.

For a convex set-constrained optimization problem in the form of (29), where Q is
replaced by a convex closed set K (see [4, formula (3.93)]), second-order optimality
conditions that involve the second-order tangent set to K have been developed (see,
e.g., [2, 4]). In particular, when the convex set K is not polyhedral, the second-order
tangent set to K is needed in the second-order optimality conditions. However, if the
set Q in problem (29) is nonconvex, these optimality conditions are not applicable
in general. In what follows, we will establish the second-order optimality conditions
for the SOCMPCC, which is not a convex set-constrained optimization problem. We
would like to emphasize that, even if the second-order cone complementarity set is
nonconvex, its tangent cone and second-order tangent set have nice properties so
that some of the theories in the second-order optimality conditions for a convex set-
constrained optimization problem still hold. This observation relies heavily on the
exact formulas for the tangent cone and second-order tangent set established in the
previous section.

First we present some results needed for further analysis. Recall that the regular
tangent cone is always convex. The following result shows that the regular tangent
cone to the SOC complementarity set 2 is not only convex but is a subspace.

PROPOSITION 5.1. For any (z,y) € Q,

o~

To(z,y) = linTo(z,y)

deR™ w=0 if z €intlC, y=0;
d=0, weR™ if x =0, y€intk;
— (4, w) rw—ypd €Rx, dly, wla ifazyebdl\{0};
’ dLlz, w=0 if x € bdK\{0}, vy =0;
d=0, wly if x =0, y€bdl\{0};
d=0, w=0 ifx=0, y=0

Proof. The formula of linTq (z, y) is clear from that of To(x, y) in Lemma 4.2. Ac-
cording to the tangent-normal polarity as in Lemma 2.4, we can obtain the formula
of Ta(z,y) by taking the polar of the limiting normal cone to Q given in [20, Theo-
rem 5.1]. The obtained formula of linTq(x,y) and To(z,y) shows that they have the
same expression. 0

The exact formulas established in Theorem 4.5 and Proposition 5.1 immediately
imply the following results.

COROLLARY 5.2. For (z,y) € Q, To(z,y) + To(z,y) = Tolz,y).
PROPOSITION 5.3. For (z,y) € Q and (d,w) € Ta(x,y),

T3((z,y); (d,w)) + Talz,y) = T3 ((z,y); (d, w)).

Proof. The inclusion “D” is clear, since (0,0) € To(x,y). For all cases except
where x,y € bdKC\{0}, it is easy to see that “C” can be achieved by using the formula
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of T3((z,y); (d,w)) given in Theorem 4.5 and the formula of To(z,y) given in Propo-
sition 5.1. Now consider the case where x,y € bdK\{0}. Let (p,q) € T3((z,y); (d,w))
and (u,v) € To(z,y). Since p € bdTE(x; d), we have #7p = ||ds||? —d3 by Lemma 3.3.
Hence 27 (p +u) = 2Tp + 2Tu = ||da||?> — d? due to the fact that u L & (since u L y
by Proposition 5.1 and y € Ry, #). This means p+u € bdTZ (z;d). Similarly, we can
obtain ¢ +v € bdTZ(y;w). Since (u,v) € To(z,y), it follows from Proposition 5.1
that there exists 7 € R such that 19 — y;u = 7z. Thus

r1v1 —Yi1ur
(30) TV + YUy = —TX2 = —xiw = —U1Z2 — U1Y2,
1

where the last step comes from Lemma 2.5. Since we have z,y € bdKC\{0} and
(p,q) € T3((x,y); (d,w)), it follows from Theorem 4.5 that

p € bdT2(x;d), ¢ € bdTZ(y; w),

2 .
(31) (p, q) < TQ((x,y), (d,w)) — { £ —prys — 12 = 192 + Y102,

where

— w1y do — diT
S e

Y1 1

This, together with (30), implies

r1(q2 + v2) + y1(p2 +u2) = T1q2 + Y1p2 — V1T2 — U1Y2
=& =Py — T2 — V1T2 — ULY2

=& — (p1 +u1)y2 — (@1 + v1) 2.

Hence together with p + v € bdTZ(x;d) and g + v € bdTE(y;w), we have that
(p+u,q+v) € T3((z,y); (d,w)) by virtue of (31). O

With these preparations, we are now ready to develop a second-order necessary
optimality condition for SOCMPCC. Define the Lagrange function as L(x,\) :=
f(@) + (F(x),\) and define the following three multiplier sets:

A%(z*) = {\ | VoL(z*,\) =0, X € N&(F(z"))},
A(*) == {\| VoL(z*,\) = 0, X € No(F(z"))},
AP (%) := {\ | VoL(z*,\) = 0, A € No(F(z*))}.

Denote by C(z*) := {d | Vf(z*)d < 0, VF(z*)d € To(F(z*))} the critical cone.
Note that if there exists A € AF(2*), then

C*) = {d| Vf(x*)d =0, VF(x")d € To(F(z*))}.

THEOREM 5.4. Let x* be a locally optimal solution of SOCMPCC. Suppose that
the nondegeneracy condition

(32) VF(z*)R™ + linTo(F(z*)) = R*™
holds. Then A¢(z*) = A(z*) = AF(z*) = {\o} and

V2, L(z*, Xo)(d,d) — o (Ao| TG (F(z*); VF(z*)d)) >0 Vd € C(z*).
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Proof. Step 1. We prove A¢(z*) = A(z*) = AF(z*) = {\o}. Since VF(z*)R" +
linTq(F(z*)) = VF(2*)R" + To(F(2*)) = R2™ taking the polar on both sides of the
above equation, by the rule for polar cones [18, Corollary 11.25] and the fact that
(To)° = N§, we have

(33) VE@@)TA=0, A€ N§(F(z*)) = X=0.

Suppose that A A2 € A¢(z*). Then A! — A2 satisfies VF(2*)T (A — \2) = 0 and
A — 22 € N§(F(z*)) since N§(F(z)) is a subspace (because Ta(
and N& = (Tg)°). Thus A! = A2 by (33). This means that A°(z*) is a singleton.
Since AF'(2*) C A(z*) C A°(z*), it remains to show that A¥(z*) is nonempty. Since
Nq C N§, condition (33) ensures that

x,y) is a subspace
x

(34) VFE@)TA=0, A € No(F(z*)) = X=0,

which in turn implies that the system F'(z) — Q is metrically regular at (z*,0). Thus,
according to [12, Theorem 4], Proposition 5.1, and Corollary 5.2, we have ]vg(;v) =
VF(2)TNo(F(z)), where § := {z | F(z) € Q}. As z* is a local optimal solution
of problem (29), we have 0 € Vf(z*)T + Ng(z*) = Vf(z*)T + VF(2*)T No(F(z*)),
which indicates that A (2*) is nonempty. Hence A¢(z*), A(z*), AT (z*) are all single-
tons and coincide with each other. Let us denote the unique element by Ag.

Step 2. We show that for all d € C(z*) and for any convex subset 7(d) in
T2(F(z*); VF(2*)d), V2, L(z*,X0)(d,d) — a(Xo|T(d)) > 0. The idea of the proof is
inspired by the arguments in [2, Theorem 3.1] and using the properties of the tangent
cone and second-order tangent set discussed above. For the sake of completeness, we
give the detailed proof here. Consider the set I'(d) := cl{7(d) + Tq(F(x*))}. Since
the regular tangent cone is convex, the set I'(d) is closed and convex. Moreover, it
follows from Proposition 5.3 and the fact the second-order tangent set is closed that
I'(d) C TA(F(z*); VF(x*)d). Because z* is a locally optimal solution of problem (29),
by definition of the second-order tangent cone, we can show that

V(@) w+ V2 f(z*)(d,d) >0 Vde C(z*), we Ts(z*;d).

Since (34) holds, by [18, Proposition 13.13], the chain rule for tangent sets (1) holds
with © taken as . It follows that for all d € C(x*), the optimization problem

min V(g V) (dd)
st.  VF(z*)w+ V?F(2*)(d,d) € T3(F(z*); VF(2*)d)

has nonnegative optimal value. Since I'(d) C T3(F(x*); VF(x*)d), it is clear that the
convex set constrained problem

(35) min - Vf(z*)w + V2 f(2*)(d, d)
st.  VF(@*)w+ V2F(2*)(d,d) € T(d)

has nonnegative optimal value as well. Since the optimization problem (35) can be
put into the form of problem [4, formula (2.291)] involving an indicator function of set
I'(d) and the dual problem of [4, formula (2.291)] is in the form of [4, formula (2.298)],
and the conjugate function of an indicator function is the support function, the dual
problem of (35) is

max {igf L(w,\) — o0 ()\|F(d))} ;
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where L£(w, ) := V,L(z*, Nw + V2, L(z*,\)(d, d) is the Lagrange function of (35).
Note that

o(AT(@) = o (AT (d) + Ta(F(2"))) = o AIT(d) + o ([ Ta(F(z"))) = +o0
whenever \ ¢ [fg(F(:c))]o = N (F(x)). Therefore, the dual problem of (35) is

(36) | max_ (V3L N(dd) - NE()} = VL A)(d,d) = o alT(@)
where the equality holds since A°(z*) = {Ao} by Step 1.

Since linTq (F(2*)) = To(F(z*)) by Proposition 5.1 and linTo(F(z*)) is a sub-
space, we have linTq(F(2*)) = —To(F(z*)). Hence condition (32) is VF(z*)R" —
To(F(z*)) = R*™, which in turn implies VF(z*)R" — (T(d) + To(F(z*))) = R>™.
Hence VF(z)R" — T'(d) = R?™. So the Robinson’s constraint qualification (see [4,
formula (2.313)]) for problem (35) holds. It ensures that the zero dual gap property
holds (see [4, Theorem 2.165]). Hence the optimal value of the dual problem (36)

is equal to the optimal value of problem (35) and hence nonnegative. In addition,
noting that 7(d) C I'(d), o(Ao|T(d)) < o(Ao|T'(d)), which further implies that

(37) VieL(z™, X0)(d, d) — o (Ao|T(d)) =

Step 3. Note that T3(F(z*); VF(z*)d) = UaeT2 (F(2*);V F(2*) d){a} is the union of
convex sets. For each a € T3(F(z*); VF(z*)d), by (37) we have

V2. L(x*, 20)(d, d) = (Ao, a) > 0.
This then yields the desired result
V2, L(x*, Mo)(d,d) — o (M|TG(F(z*); VF(z*)d)) > 0. 0

Remark 5.1. The nondegeneracy condition (32), together with the special geo-
metric structure of the second-order cone complementarity set, can ensure not only
the uniqueness of Lagrangian multiplier in Step 1, but also the zero-dual gap prop-
erty between (35) and (36) in Step 2. The nondegeneracy condition, stronger than
the Robinson’s constraint qualification, is a generalization of the linear independence
constraint qualification in the conic case. We refer the reader to [4, Proposition 4.75]
for a detailed discussion on the relationship between the nondegeneracy condition and
the uniqueness of multiplier in the convex case.

We next derive the exact formula for the support function of the second-order
tangent set to the SOC complementarity set needed in applying Theorem 5.4. Under
the assumption of Theorem 5.4 we have

={d|Vf(@*)d =0, VF(z*)d € To(F(z*))}.
Thus d € C(z*) if and only if VF(2*)d € To(F(z*)) and (Ao, VF(2*)d) = 0. There-
fore the following results will be useful.
PROPOSITION 5.5. For (z,y) € Q and (d,w) € Ta(z,y), take (u,v) € No(z,y)
such that ((u,v), (d,w)) =0. Then
0 if z €intkC, y=0;

o ((u,0)|T3((2,9); (d,w))) = 0 if 2 =0, y € intk;
0 ifz=0,y=0
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If z € bdK\{0} and y =0, then

o ((u, )| T3((2, ); (d, w)))

0 if d € intT(z), w=0;
= Uy d2 d 2 ’Lvldg"ug dlw;vg .f d de R N
—o (=) =255 - 255 i d € bdTc(z), w € RS
If x =0 and y € bdIC\{0}, then
o ((u, )| T((2, ); (d,w)))
0 if d=0, w € intTk(y);
= v diwlu widiu . ~ .
— i (i = llwa]|) — 255 — 2550 if d € Ryg, w € bdTic(y)

If z,y € bdKC\{0}, then

r1ul + Y101 z1w1 — y1ds
(w0 TR (2, 9); () = T (ol = )+ 5 B (w o — ).
1

Proof. For (z,y) € Q, take (d,w) € Ta(z,y), (p,q) € T3((z,y); (d,w)) with the

~

exact formula given in Theorem 4.5 and (u,v) € Ng(z,y), whose exact formula can
be found in [20, Theorem 3.1].

Case (i): z € intK and y = 0. In this case u = 0 and ¢ = 0. Hence

o ((u,0)|T3((z,y); (d, w))) = max{((u, v), (p,)) | (p,q) € T5((2,y); (d, w))} = 0.

The proof for the case in which x = 0 and y € intKC is similar and hence we omit it.

Case (ii): z € bdK\{0} and y = 0. Then v € R_% and v € 2° by the formula of

Case (ii-1): d € intTx(xz) and w = 0. Then by Theorem 4.5, ¢ = 0. Since
0= (u,d) + {(v,w) = (u,d) and d € intT(x) (i.e., d'E > 0), we have u = 0. Hence

o ((u, )| T3((2,); (d, w))) = max{((u, v), (p,0))|(p, q) € T3((z,y); (d,w))} = 0.

Case (ii-2): d € bdTi(xz) and w = 0. Then ¢ = 0 or ¢ € Ry % by Theorem 4.5.
Hence

o (. 0)|T3 (2. 9): (d, w))) = max {o(u|TE(x:d)), o (ulbd T (x5 ) + o (v]R+2) }

Uy
= o(u|TR (x;d)) = —;(d? — lld2|?),

where the second equality holds because o(v|RiZ) = 0 since v € £°, and the last
step comes from the fact that since u € R_2, (u,p) = 31(2,p) < (|| dal? — d3)

<o
for all p € T,%(:B;d) by Lemma 3.3, and the maximum can be attained by letting
2_42 |
_ Pty
Case (ii-3): d € bdT(z) and w € Ry 4&. From the formula for bdTy(z) in this
case, we get d 1L &. Hence (v,w) = ((u,v),(d,w)) = 0, taking into account that
u € R_&. This further implies that v L 2 (i.e., v1 = Z2vs), because w € R, | 7.
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Hence

o ((u, )| TG (2, y); (d, w)))
= o (u[bdTE (z; d)) + (v, )

u _ wrdL v dywlv
= — (@2 — |lda|®) + viar — o] Ty — 2122 - 92
1 |22l |22l
U1, 9 2 w1d2 V2 d1w2 (%)
=——(di — ||ld2") — 2 -2
T A B

Case (iii): £ =0 and y € bdK\{0}. The argument is similar to the above case.

Case (iv): z,y € bdK\{0}. Note that in this case, since 27y = 0, we have y = ki
with k := y1/z;. Since (u,v) € No(z,y) and (d,w) € Tq(z,y), by the formulas of
Nq(z,y) and To(z,y) we have v L y, d L y, and there exist 8,7 € R such that
4+ kv = Bz and W — kd = rx. To simplify the notation, let

Wa + W1T2 B do — d1$2>
U1 A .

£ = (x1w1 —yidr) (

Since v L y, y € RZ, and 21 = ||z2|| # 0, we have vy — Z3 vy = 0. It follows that
(38)

U2T§ = (z1wy — y1dy) <

wgvg —+ wiv1 _ dgvg — d11}1> o riwy — yldl (’LUT’U _ dTu)
Y I Y1

where in the last step we used the fact that d7o = (1/k)dT (82 — u) = —(1/k)dTu
since d L z. By the formula of T3((z,y); (d,w)) in Theorem 4.5, for this case we have

(39)  pebdTR(x;d), q€bdT(y;w), &—piye — (a2 = 21q2 + Yipe.
Therefore,

(u,p) + (v, q)
= <ﬂ7ﬁ> + <U7Q> = <ﬁ(E - ]ﬂ)7]5> + <Uvq> = 5<£ap> + <’U,q - kﬁ>

= )+ alar = )+ F (£ 4 G - )

1 T1u + Y101 T1w1 — y1ds
=B(&,p) + —v3 & = ——5—(|da|* — d}) + ———
T $1 1

(wTv — dTu),

where the fourth equality holds by virtue of (39), the fifth equality holds because
vy = v1 ¥y, and the sixth equality holds due to (38) and (39). The desired formula
follows.

Case (v): =0 and y = 0. In this case d,w € K, d L w, (u,v) € Z\Afg(ac,y) =
(_’Ca _’C)a and (pa Q) € T&%((ma y)7 (dv w)) = Tﬂ(d7 UJ)

Case (v-1): d =0 and w € intK. Since (v, w) = ((u,v), (d,w)) =0 nd ve—-K,
we have v = 0. Since d = 0 and w € intk, (p, )ETQ(a:y d,w)) = Tg ) im-
plies that p = 0. Hence ((u, v), (p,q)) = 0. It follows that o ((u,v)|T3((, ) ( ))) =
0.

Case (v-2): d € intK and w = 0. This is similar to the above case.

Case (v-3): d,w € bdK\{0}. Then since (u,v) € (=K, —K) and {(u,v), (d,w)) =
0, we have u € R_.d =R_w and v € R_w = R_d. Since (p,q) € To(d,w) and d,w €
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bdXC\{0}, we have p L w and ¢ L d. Hence p L v and ¢ L v. So {(u,v),(p,q)) = 0.
It follows that o ((u,v)|Ta((z,y); (d,w))) = 0.

Case (v-4): d = 0 and w € bdK\{0}. Since {(v,w) = {(u,v),(d,w)) = 0 and
v € =K, we have v € R_w. In this case, since (p,q) € Ta(d,w) with d = 0 and
w € bdKC\{0}, we have either p = 0 and ¢ € Ti(w) or p € Ry and ¢ L w. If
p =0 and q € Ti(w) (ie., w'q > 0), then ((u,v),(p,q)) = (v,q¢) < 0 and the
maximum is 0, which can be attained by letting ¢ = 0. If p € Ry and ¢ L w, then
((u,v), (p,q)) = (u,p) <0, where the last step is due to u € —K and p € Ryw € K,
and the maximum is 0, which can be attained by letting p = 0. It follows that
o (0, 0)|T3 (2, ): (d, ) = 0.

Case (v-5): d € bdK\{0} and w = 0. This is similar to the above case by an
analogous argument.

Case (v-6): d = 0 and w = 0. In this case (p,q) € Ta(d,w) = €. Since
(u,v) € (=K, =K), we have ((u,v), (p,q)) < 0 and the maximum is 0, which can be
attained by letting (p,q) = (0,0). It follows that o((u,v)|Ta((z,y); (d,w))) =0. O

Example 5.1. Consider the following SOCMPCC:

min  f(z) = -3+ 11 — 14
s.t. K> G(ZE) = (.Tl,Ig —T1,T1 — IQ) L (7-'172 + 1,1’1,I1 — 174) =: H(.I) e K.

Since z1 > 21 — w3 and —z9 + 1 > 0, we have 2o € [0,1]. Hence 23 < 2. Since
—ZTo+1> —x14+ x4, —T2+x1 —24 > —1. Thus —.T%—‘rlj —X4 > —Xo+x1—T4 > —1.
Hence z* = (0,0,0,1) is an optimal solution, and G(z*) = (0,0,0) and H(z*) =
(1,0,—1) € bdKC\{0}.

Note that

and by the formula of the tangent cone in Lemma 4.2, we have

(40)
To(G(a®), H(z")) = {(d,w>

either d =0, —w; —w3 <0
ord=1t(1,0,1) for some t >0, wy +ws =0 [~

Hence
IinTo(G(z*), H(z™)) = {((0,0,0), (11, 72, —71)) | 71,2 € R}.

For any v € RS, take
€ = (v1,v1 — v3,v1 + V2, v3 — vg — vg) € R
and
7= (v1 — v3 + vy, 05 — 01, — (V1 — v3 + v4)) € R,
Then
v= <§f1((i))> ¢+ (2) € VF(2")R* + linTo(F (z*)).

Since v is arbitrarily taken from RS, condition (32) holds.
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The Lagrangian multiplier system is

1
-1

1
0
0 O

+ ¢ +AS + 2§

1
0
0
-1 0

0 O
0

(A9 M) € No(G(z*), H

)
1
0
0
ot [ [ O] 0 -

o O O
o O O o

Since G(z*) = (0,0,0) and H(z*) = (1,0,—1) € bdK\{0}, we obtain the following
expression of the limiting normal cone from [20, Theorem 5.1]:

v=0oru; +uz=0, v=1¢(1,0,1), t eR }

No(G() 1) = { (e | ot b O e S

Hence the only multipliers (A, \f') satisfying the Lagrangian multiplier system are

A4 = (~1,0,1) and A = (—1,0,—1). Note that

C(ZL'*) = {d S R4 | (dl, dg — dl, d1 — dg, —dg,dl, d1 — d4) S TQ(G(.’E*), H(l'*)), dl < d4}
={d=(¢,0,t,t) |t >0},

where the second equality follows from (40).

Since VG(z*)d = (t,0,t), VH(z*)d = (0,t,0) for any d = (¢,0,¢,t) with ¢ > 0 in
C(z*), by Proposition 5.5 we obtain

o (NN T3(G(x*), H(z"); VG (2*)d, VH(z*)d)) = —t* = —dj.

Since
0 0 0 O
9 i 10 =2 0 0
0 0 0 O
we have
(41) V2, L(z*,\)(d,d) =0 Vde C(z*),

and by Theorem 5.4,

Y(z*,\)(d)
= V2, L(a*, \)(d, ) — o (A8 XITA(G("), H("); VG(*)d, VH(2)d)
(42) =di >0 VdeC(z").
Equations (41) and (42) indicate that V2, L(x*, \) is positive semidefinite over C(z*)
while YT(z*, \) is positive definite over C'(z*)\{0}. In this example, the second-order

necessary conditions involving the second-order tangent set (42) are stronger than the
one not involving the second-order tangent set (41).
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