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Abstract This paper considers a class of stochastic second-order-cone complemen-
tarity problems (SSOCCP), which are generalizations of the noticeable stochastic
complementarity problems and can be regarded as the Karush—Kuhn—Tucker con-
ditions of some stochastic second-order-cone programming problems. Due to the
existence of random variables, the SSOCCP may not have a common solution for
almost every realization . In this paper, motivated by the works on stochastic com-
plementarity problems, we present a deterministic formulation called the expected
residual minimization formulation for SSOCCP. We present an approximation method
based on the Monte Carlo approximation techniques and investigate some properties
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related to existence of solutions of the ERM formulation. Furthermore, we experi-
ment some practical applications, which include a stochastic natural gas transmission
problem and a stochastic optimal power flow problem in radial network.

Keywords SSOCCP - ERM formulation - Monte Carlo approximation - Natural gas
transmission - Optimal power flow
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1 Introduction
The second-order cone (SOC) in N is a closed cone defined as
KY = {1, x2) € R x R | lxall < i),

where || - || denotes the Euclidean norm. The second-order-cone complementarity
problem (SOCCP) is to find vectors x, y € %" and z € R satisfying

xek, yeK, x"y=0, F(x,y,2)=0, (1
where F : " x R x R — R x %! is continuously differentiable and
K=K x .o x K (2)

with n; + --- 4+ n, = n. This problem is clearly a generalization of the classical
mixed complementarity problems and, especially, it includes the Karush—-Kuhn—
Tucker conditions of various second-order-cone programs (SOCP), which have lots
of applications in engineering design and portfolio optimization etc. [2], as special
cases. The SOCCP Eq. (1) has attracted much attention of many researchers and there
have been proposed several methods for solving it; see, e.g., [4,10,16,18].

In order to develop numerical algorithms for SOCCP, the so-called SOC comple-
mentarity function ¢ : ¥ x RY — RY satisfying

sek’ 1ek’ sTt=0 < ¢@.0)=0 3)
has been studied extensively. Two such functions known in the literature are presented

by Fukushima et al. in [16]: One is the vector-valued Fischer—-Burmeister function
associated with IV defined as

drn(s. 1) =5+ 1 = (7 192 4

and the other is the natural residual function associated with ¥ defined as

ONR(S, 1) =5 —[s — 1], (5)

where [ - ]+ denotes the projection operator onto the convex cone K".
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Stochastic second-order-cone complementarity problems...

To understand the above two functions, we need to review some basic concepts in
Jordan algebras. For any s = (s1,50) € R x R Land r = (1, 1n) € R x RY~L, their
Jordan product is defined as

sot .= (STZ‘, 115y + s16).

The identity element under this product is e := (1,0, --- ,O)T e NY and, for
simplicity, we denote by s> = s os. See [13] for more details about the Jordan product
associated with symmetric cones.

We next recall the spectral factorization of vectors in ¥ associated with the cone
KCV. Tt is well-known that any vector s = (s, s2) € iR x R¥~! can be decomposed as

s = klul +A2u2,

where {11, A2} and {u', u?} are respectively the spectral values and the associated
spectral vectors of s given by, fori =1, 2,

A= s4 (=D sz Il
o s EDRy) s #0,
L (=D'w) ifs;=0

<

with w being an arbitrary unit vector in %"~ 1. It is obvious that, if s # 0, the above
decomposition is unique. It is shown in [16] that the projection of the vector s onto
KCV can be written as

[s]4 = Dnalyu! + alyu?,
where [A]+ := max{A, 0} for a scalar . € 9. Moreover, if s € KV, there exists a

unique vector s/ 2 € K" such that (s'/2)2 = 5. Thus, the functions defined in Egs. (4)
and (5) can be represented as

pra(s, 1) =5 +1 — (2 + )2 =5+ 1 — (Vau' +Vru?),
where {A1, A2} and {ul, uz} are given by, fori = 1, 2,
A= s+ 121 + 2= D lIsis2 + fita ]l
P { L (= ) if s 0 0,

(L (=Diw) if 5150 + 1 = 0,
and
ONR(s. 1) =5 — [s — 114 =5 — (M]qu’ + [Ao]ud), (©6)
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where {A1, A2} and {ul, uz} are given by, fori =1, 2,

Ai=s1 =t + (=D ls2 — 1o, ©)
1 i syt i
i 3 (L =D fozay) ifs2 # b, 8)
3(L (=Diw) if 2 =1,

with w € RV ~! being an arbitrary unit vector. Note that both ¢pp and ¢nr are locally
Lipschitz continuous but not differentiable everywhere [16].

Denote by x := (x!,---,x™) € W x --- x K™ and y = (y!,---,y") €
R x - x RN By means of the SOC complementarity function Eq. (3), the SOCCP
Eq. (1) can be easily reformulated as nonlinear equations

¢!, yh
D(x,y) = =0, F(x,y,20=0 O]
A", y™)
and, along this approach, some Newton-type methods have been developed for solving

Eq. (1) successively. Another approach is to reformulate Eq. (1) as an optimization
problem

min_ @ (x, DI+ [IF(x, y, I
(x,y.2)

and some descent methods based on this approach are presented for solving Eq. (1).
See [5] for more details about recent developments on SOCCP.

In this paper, we consider the following stochastic SOCCP (SSOCCP): Find vectors
x,y € R and z € R such that

xek, yek, xTy:O, F(x,y,2,6§) =0 a.e. & € £2, (10)

where £2 denotes the support of the random variable £, F : " x %" x %! x 2 —
N x N, and a.e. is the abbreviation for “almost every”. This problem is obviously a
generalization of the stochastic complementarity problem (SCP)

x>0, F(x,6&)>0, x'F(x,6)=0 a.e.&€ £, (11)
which has been extensively studied in the recent literature. See [19] for more details

about the existing reformulations, numerical methods, and applications of Eq. (11).
Consider the stochastic optimization problem

min f(u)
st. h(u, &) =0, gu,&) <0 a.e. & € £2, (12)

where the objective may involve expectations or variances. This problem has many
practical applications such as water management in cooling-constrained power plants
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[27], homogeneous product market [32], etc. Note that the problems with stochastic
dominance constraints and the two-stage stochastic programs with recourse can be
rewritten in a generalized form of Eq. (12); see [12,26]. In addition, methodologies
for some special cases of Eq. (12) are also considered; see, e.g., [28,32].

If some component functions of g(-, &) are SOC-representable [20], then Eq. (12)
can be rewritten as a second-order-cone programming problem

min f(u)
st. h(u, &) =0, Hx,u, &) =0 a.e. £ € £2,
x ek. (13)

Recall that the SOC-representable functions include linear functions, convex
quadratic functions, fractional quadratic functions, etc.; see, e.g., [2,20] for more
details. Note that the equality constraints in Eq. (13) can be rewritten as

h(u) == Eelh(u, &) - h(u, §)] =0,
H(x,u) :=Ee[H(x,u,€) - H(x,u,£)] =0,

where [E¢ denotes the expectation operator and - denotes the Hadamard product. Then,
the Karush—Kuhn—-Tucker system of problem Eq. (13) is

V f(u) + VR + Vo H(x, u)u =0,
Vo H(x, u)pu —y =0,

h(u, &) =0, Hx,u,&) =0 a.e. £ € £2,
xek, yek, xTy=O,

which is in the form of Eq. (10). This is one motivation to study the SSOCCP Eq. (10)
in this paper. Besides, instead of rewriting Eq. (12) into Eq. (13) by the above SOC rep-
resentable approach, our research is also inspired by some well-established practical
engineering SOC programming problems, as shown in Sects. 4.1 and 4.2. Specifically,
engineers usually use the SOC convexification to attack malignant nonconvexity in
practice and it is interesting that the SOC relaxation may be exact with physical
explanation in some cases (for instance, in Sect. 4.2, we study a circuit network of
tree topology in which the alternating current optimal power flow (AC-OPF) admits an
exact SOC relaxation). When uncertainty occurs (for example, the renewable resource
is involved; see Sect. 4.2), problem Eq. (13) appears naturally and motivates us to
explore the SSOCCP Egq. (10) as well.

However, because of the existence of the random element &, we generally cannot
expect that there exist vectors {x, y, z} satisfying Eq. (10) for almost every & € §2.
This means that the SSOCCP Eq. (10) may not have a solution in general. Therefore,
in order to get reasonable solutions in some senses, we need to present appropriately
deterministic formulations for Eq. (10). In this paper, we mainly consider a deter-
ministic formulation called expected residual minimization (ERM) formulation for
Eq. (10), which is motivated by the work [7] on the SCP Eq. (11). An approximation
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method based on the Monte Carlo approximation techniques for solving the ERM
model are proposed in Sect. 2 and some properties related to existence of solutions
of the ERM model are discussed in Sect. 3. Then, in Sect. 4, we report the modeling
effectiveness and computational efficiency of our investigations within the framework
of two practical engineering settings, namely, a stochastic natural gas transmission
problem and a stochastic optimal power flow problem in radial network.

Throughout this paper, we assume that the support set §2 is a compact set with
infinite number of elements in a finite dimensional Euclidean space and F (x, y, z, §) is
twice continuously differentiable with respect to (x, v, z) and continuously integrable
with respect to £. For a given differentiable function H : i" — N and a vector
x € N", VH (x) denotes the transposed Jacobian of H at x. Given a vector x € R
and a set X C N", dist(x, X) denotes the distance from x to X under the Euclidean
norm. For a given m x n matrix A = (a;;), || All 7 denotes its Frobenius norm, that
is, |AllF == O, ?:1 aizj)l/ 2 Moreover, I and O denote the identity matrix and
null matrix with suitable dimensions, respectively, and co{ X} denotes the convex hull
of a set X. In addition, we use sign(-) to stand for the sign function.

2 ERM formulation for SSOCCP

As introduced in Sect. 1, by means of the SOC complementarity function Eq. (3), the
SSOCCP Eq. (10) can be reformulated as the stochastic nonlinear equations

@(x,y) =0, F(x,y,2,§)=0 a.e.&ec$,

where @ is given as in Eq. (9). Recall that the above stochastic equations may not
have a common solution in general. Motivated by the work [7] on the SCP Eq. (11),
we propose an ERM formulation for (10) as

min Ogr (¥, v 2) = B LI F(x. y, 2, N1+ 1P (x, I (14)

One main difficulty in dealing with Eq. (14) is that the problem contains an expectation,
which may have no analytical expression in general. We can employ the Monte Carlo
sampling techniques to approximate the expectation. Another possible difficulty is that
the SOC complementarity function ¢ is generally not differentiable everywhere and so
the objective function may be nonsmooth. But this is not always the case. For the two
SOC complementarity functions introduced in Sect. 1, ||¢rB I is actually a smooth
function although ¢gp is nonsmooth, while ||¢nr||> and ¢nr are both nonsmooth
functions.

As is known to us, the functions ¢rp and ¢nr are generalizations of the classical
real-valued complementary functions

grg(a,b) :==a+b—+va2+b2 (a,b) e R’
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and
@min(a, b) := min{a, b}, (a,b) € R

respectively. Similarly to their prototypes, compared with each other, ¢rg owns better
smoothing property and ¢nr has better approximation property. In particular, since
ONR(S, 1) =5 — [s —t]4 =t — [t — 5]+ forany s and ¢ in N, we have

s if t—se K,
¢NR(S”)—{t if s —1 ek,

while there always exists a positive gap between ¢rp (s, t) and either s or ¢. This
advantage that ¢nr possesses may be particularly useful in dealing with the SOCCP

Gx)eK, Hx)eK, Gx)THx) =0.

Our numerical experience reported in Sect. 4 also reveals that ¢nr may have better
performance even though one fairly small smoothing parameter is involved. Further
comparison between these two complementarity functions are given in Sect. 3.

In general, for an integrable function ¥ : £2 — N, the Monte Carlo sam-
pling estimate for Eg[vy(§)] is obtained by taking independently and identically
distributed random samples 2, := {£!,..., £V} from £2 and letting Ee[y(8)] =~
NL;( Zsie 2 V(E 7). We assume that Ny tends to infinity as k increases. The strong
law of large numbers guarantees that this procedure converges with probability one
(abbreviated by “w.p.1” below), that is,

. ;
Jim = 30 vE) =By @] wal. (15)

Eles2y

In what follows, we consider two cases where ¢ is taken to be ¢pg and ¢ngr in
Eq. (14) respectively.

2.1 The case of ¢rp

Consider the smooth ERM model

()Icnvir;)@FB(x, v,2) = Ee [|F(x,y, 2,671+ | Prs(x, VI, (16)

where @pp denotes the function @ givenin Eq. (9) by taking ¢ to be ¢rp. By generating
independently and identically distributed random samples £2; = {€!, ..., £V} from
§2, we can obtain the following approximation of Eq. (16):

. 1 .
min Ofp(x.y.2) = — Y [F(x.y. 2. €)1 + [ ps(x. DI2. (A7)
(x,y.2) Np P
k
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We next study the convergence of the above sample average approximation method.
Since (17) is a nonconvex optimization problem, we only investigate the limiting
behavior of its stationary points here. Actually, similar convergence result for its opti-
mal solutions can be obtained more easily.

Theorem 1 Suppose that (x*, y*, z%) is a stationary point of problem Eq. (17) for
each k and (X, y,Z) is an accumulation point of the sequence {(x*, y*, z%)}. Then
(x, ¥, 2) is a stationary point of problem Eq. (16) with probability one.

Proof Without loss of generality, we may assume limk_>oo(xk , yk R zk) = (x,¥,2)-
Let B be a compact and convex set containing the whole sequence {(x¥, y¥, z5)}. By
the continuity of F, V(, y »F, and V(x yoFi (G =1,....,n41) on the compact set

B x £2, there exists a constant C > 0 such that

IFGy. 2.6 < C, Vo Fx.y.2,8)lr < C, (18)
Ve y o Fi, 3, 2.8Ir<C (j=1,....,n+1) (19)

hold for every (x, y,z,&) € B x £2. Let
Wrp(x, y) = | Pen(x, y)|°.

By Proposition 2 of [6], Ygp is smooth, that is, VWrp is continuous everywhere.
For each k, since (xk, yk, zk) is stationary to problem Eq. (17), we have

2 ; [ VB G, Y
2 V(x,y,z)F(xk,yk,zk,é’)F(xk,yk,zk,é’)Jr[ O — 0. o)

Eley

Consider the first term in the left-hand of Eq. (20). For each k and each j =
1,...,n+1, we have

[ 2 Vo Bk 2 T FGH 5 8

S’Eﬂk

R DA RS SN ULICR D
Ele

1 . , o

<5 2 Ve BG5S Y5 2 NG ¥, 2580 - FE, 5,2, 601

SiEQk

+— D Ve Fj 5, y5, 2K 8=V s o Fj (.5, 2. 8D 1 F (R, 5. 2. €9l
kE’EQk

_C

Z / IViey.o F@ex*+(1 = 0%, 1"+ = 03, 12541 = 07, €| 7
E'G.Q

HIVE o Fitx* + (1 =%, 0y + (1 =y 1 + (1 =)z, é")llf)

2
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x|k, ¥k, 25 — &, 3, D)l dr
<2C?|(xk, yK, 25 — (7,3, 2)
—0 ask — +oo,

where the second inequality follows from the mean-value theorem and Eq. (18), the
third inequality follows from Egs. (18)—(19). We then have from Eq. (15) that

kggoﬁkg% Vir,y, )F(X y * f)F(x y Z* 5)
e

klinéoﬁksg Vieyo F@E 5,2, 6)F(E.5.2.8)
ic &

ZZES[V()‘a)’,Z)F(iv yia‘é)F(f, y: Z,E)]
= Ee [Viyo (IF G, 7,291 ]

holds with probability one. Moreover, by Eq. (18), we have
”V()C,)’,Z)F('x’ y7 2, E)F(-xa yv 2, S)“ S Cza (-xa yv 2, %‘) € B X Q

and hence, by Theorem 16.8 of [22],

klinioﬁkgzg Vieyo Pty 2 ENFQE Y 26 = VEE LIFE, 5,2, 617
ic "

holds with probability one. Thus, letting k — +o0 in Eq. (20), we have
VE: [|1F(%, 5.2 6171+ V¥%B(E. 5) =0 w.p.l,

which means that (x, y, z) is a stationary point of Eq. (16) with probability one. O

2.2 The case of ¢nNR

Consider the nonsmooth ERM model

min ONR(r. y.2) == Ee [IF(x. y. 2. 1+ [ &nr(x, V)2, 1)

where @NRr denotes the function @ given in Eq. (9) by taking ¢ to be ¢nr. To deal with
this model, besides the Monte Carlo sampling techniques, some smoothing skills are
also necessary. Here, we employ the following smoothing approximation presented in
[16] for the function ¢ngr defined in Eq. (5): given a scalar u > 0, let

1
13 e 2 2 1 2 2 2
PNR (s, 1) =5 2((\/k1+4u + AU+ (A5 +4pu? + Ao)u )
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where {A1, A2} and {u1 , u2} are the same as in Eqs. (7) and (8) respectively. It is shown
in [16] that, for each (s, ) € R?",

li ” = ot
Jm AR (S, 1) = ONR (S, 1)

and q)#R is a smooth function with

I —M,(s,t)
13 _ J7ACE]
VN (s, 1) = [ M (s, 1) ] , (22)
where
ay(s, )l if sp—1=0,
b, (s, 1) dy(s.0)(s2-12)"
s Ts2—121]
M, (s, t) = )
dy(s,)(s2—12) (b (s,1)—cp(s,1))(s2—12)(s2—12)
[s2—22l =122 +cu(s, )l
if so—1 ;ﬁ 0
fors = (s1,5) € R x R Landt = (11, 1) € R x R~ with
)= ——zh 4 b 23
au(s ) 24/ (s1—11)2+4u? * 2 ( )
b(s.1) = si—ti—ls2—nll + si=tit|ls2—nl 4L 24
u(s. 1) 4/ Gi—t—lsa—n> 4412 4/(s1—n+lsa—nl)>+4x> 2 (24)
c, (s, 1) = Si—h + 1’ 25
p(s:1) Vsi—t—lsa—ta D2 +412++/ (s1—t1+ls2—12 ) >+4u> 2 (25)
du(s, 1) = — si—th—ls2—nl + si—ti+ls2—nl (26)

4 sr=n=lsa—nD?+42 4/ G1—n+ls—n ) +4u?’

In addition, from the proof of Proposition 5.1 in [16], it is not difficult to see that
there exists a positive constant C such that

KR (s, 1) — dNR (s, DIl < C (27)

holds for each (s, t) € R2v,

Taking a smoothing parameter iy > 0and independently and identically distributed
random samples 2 := {&', ..., €M} from £2, we can obtain the following smooth
approximation of Eq. (21):

. 1 .
min O (¥, ¥, 2) = — Y 1F(x.y. 2. &) + |ogk . »I*, (28)
(x,y.2) Ni s

k
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where
PR yh)
Ppg (. ) 1= :
PR (K™, Y™)
forx = (x!, ..., x™) € R x ... x Rim andy:(y],...,y’”) e R x ... x Rim,

Suppose that ur — 40 as k — +00. We next study the convergence of the above
sample average approximation method. As mentioned in the last subsection, we only
need to investigate the limiting behavior of stationary points of problem Eq. (28)
because similar convergence result for optimal solutions can be obtained more easily.
To this end, the following definitions are useful.

Definition 1 [11] Let H : & — 99 be locally Lipschitz continuous. The Clarke
generalized gradient of H at w is defined as

8H(w):=co{ lim VH(w’)},

w'—w,w'eDy

where Dy denotes the set of points at which H is differentiable.

Definition 2 [18] Let H : :i? — 99 be locally Lipschitz continuous and H* :
NP — N7 be a function such that H* is continuously differentiable everywhere for
any p > 0 and lim,_, o H*(w) = H(w) for any w € %”. We say that H# satisfies
the Jacobian consistency with H if

lim dist(VH"(w), dH (w)) = 0

u—>=+0

holds for any w € RP.

For simplicity, we denote by
UNR (Y, ¥) = [ PNR(E DIP, W () = 1P (v, W%,

and,forx = (x', ..., x™) e W x. .. xR andy = (y', ..., y"™) € R x- - x R,
we let

Gy = e YOI W (L) = e (L v 11
for each i. Then we have
IUNR (x, y) = PR (x!, p1) x - QU (x™, y™) (29)
and

vl yh
Vol (x,y) = : . (30)
VL (e, ym)
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By Theorem 4.9 of [18], we have the following lemma immediately.
Lemma 1 The function 'I/IffR satisfies the Jacobian consistency with UNR.
We next show the main convergence result of this subsection.

Theorem 2 Suppose that (x*, y*, zX) is a stationary point of problem Eq. (28) for
each k and (X, ¥,7) is an accumulation point of the sequence {(x*, y*, z5)}. Then
(X, ¥, 2) is a stationary point of problem Eq. (21) with probability one.

Proof Withoutloss of generality, we may assume limy_ o0 (X%, ¥%, 2%) = (%, ¥, 2). Let
B and C > 0 be the same as in the proof of Theorem 1. For each k, since (xk, yk, zk)
is stationary to problem Eq. (28), we have

2 i . Vl]/u’k k’ k
Ne ) V(x,y,wF(xkﬁyk,zk,é’)F(xk,yk,zk,E’)+[ NRE)X YD Z0.31)
Ele

In a similar way to the proof of Theorem 1, we can show that

kinéoﬁkézg Vieyo FG8 yE 8 ENFG, yE, 2 8D
ek

= VE: [|IF(%, 3,2 8] (32)

holds with probability one. We next show

Jim dist(ViE (x5, 5, dUR (3, §)) =
—00

Denote by K= @R xRy e W ox o x e YR = (YR YRy
R x - x RN for each k and by x = Gl o 3™ e WM x e x R § o=
Gl 9™ € WM x - x R, From Eqs.(29) and ( 30), it is sufficient to show

that, for each i,
Jim dist(VEE (R YR awie (7, 51)) = 0. (33)
—00

First of all, for any given i, we have

ke (R, yRT) — gl . 30|
< o 5, 5 — ¢>NR(xk LY [ enr R YR — oG 5|
+]onrE, ) — gRk G, 5|
<2Cu + ||¢NR(xk’i, yk ) — pNR(F, |
-0 ask — +oo, (34)

where the second inequality follows from Eq. (27). We consider five cases:
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@

ey

Suppose that ¥ = . It follows that 1; = X} — 3| + (—1)/||x} — 5|| = 0 for
j =1, 2. By Theorem 4.6 and Proposition 4.8 of [18], we have

S -V
3W§R(x’,y’)={2|: v i|

where

V € co(0, I, S)},

1|1 w!
S::{E[w(lJrﬂ)I—ﬂwa] ‘ﬂe[—l,u, ||w||=1}-

It is not difficult to see from Eqgs. (23)—(26) that any accumulation points of the
sequences

{ap, 5T YR (b 5 YR (o BT YEDY {dy, R YR
belong to the intervals [0, 1], [0, 1], [0, 1], [0, %] respectively. Therefore, any
accumulation point of {M,,, (x*7, y*)} must belong to co(O, I, S). On the other
hand, it is easy to see from Eqs. (27) and (34) that lim_, o Pk (R, YRy =
¢NR(x y 0. Therefore by Eq (22) we can obtain Eq 33) eas1ly

Suppose that ¥’ # y' and x X5 —y5 = 0. Since {qu (xk 1 yk1)} is bounded, we
have from Eq. (34) that

Jim Yk L YD (R 6 0D — ol (L D) = (35)
— 00
On the other hand, it is easy to see from Egs. (23)—(26) that
lim a,, (x5, y&0) = lim by, (x5, y50) = lim ¢, (57, YD
k— 00 k— 00 k— o0
1. - _,.)+1
= —S1gn(x, — -
S Y TS

and limy_, oo dyy, (xki, yk’i) = 0, which means

kll)ngo (Mw((xk,i, yk,i) _ (xz —1)) (36)
and hence
klim (Vo 51 38y — Vgkk (57, 37)) = (37

Since {¢§§ (x', ¥")} is bounded, we have
Jim (Vo (e 55 — VeLR L 3D) b (L 7 = 0. (38)
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Therefore, it follows from Egs. (35) and (38) that

! P ki ki dociooi
S IV oD = vt (L 5 |
= [ VR "y AR L YO = Vol G 3DekR L 7|
< [ VeRRGH D (SRR V5D — ok ">)H
[ (VoRk " y5D) = VolR (B 39) g &L 7)) |

-0 ask — +oo.
By Lemma 1, we have

lim dist(Veis' (1, 37, 0Wip (&1, 7)) =

k—o00

and hence Eq. (33) holds. . A _ _
(IIT) Suppose that Xj — y5 # 0 and |X] — ;| # [IX; — y51l. From Egs. (23)—(26), we
have

lim (a, (57, 5 = ay, &, 59) = lim (b, 5, Y5 = by, (&, 5)) =0
k—o00 k—o00

lim (e (<50, ¥ = ¢y B 3D) = lim (dyy, 51 Y5 = dy (. 5)) =0
k— o0 k— o0

which implies Eq. (36) and hence Eq. (37). In a similar way to (II), we can get
Eq. (33).

(IV) Suppose that X5 — 35 # 0 and ¥ — y] = [|X5 — y3||. It follows that 1; = 0 and
A2 > 0. By Theorem 4.6 and Proposition 4.8 of [18], we have

i o=iooi Ir-v
BlI/NR(x,y)={2|: v :|

|4 eco(I,I—i-Z)},

where
o=t @5
7 == o x =yl
T2 & @@
1X5=95 1l llx5—35 11

Note that, by Egs. (23)—(26), any accumulation points of the sequences

CE b | N N G b R N C L}
belong to [%, 1], [%, 1], [0, %] respectively. It is not difficult to see that any
accumulation point of {M, (x®1, y%1)} must belong to co(I, I + Z). Since

limg— 0o Pk (A7, yE1) = ¢nr(3, 3), by Eq. (22), we can obtain Eq. (33)
easily.
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(V) Suppose that x — 34 # 0 and X} — 3| = —||x5 — y4||. It follows that A; < 0 and
A2 = 0. By Theorem 4.6 and Proposition 4.8 of [18], we have

S -V .
3W&R(xl,yl)= {2|: v ]¢NR(xl,y’) \% GCO(O,Z)},
where

1 F—5"

1 [

7 = — . sl

2| B @@ )T
25— %4 —55 12

In a similar way to (IV), we can show Eq. (33).

As aresult, Eq. (33) holds in all cases. Letting k — +o0 in Eq. (31), we have from
Egs. (32)-(33) that

0€ VE: [|FE 3,261+ ¥R (X, 5) x {0} w.p.1,

which means that (x, y, 7) is a stationary point of Eq. (21) with probability one. O

2.3 Exponential convergence rate

In this subsection, we show that, with the increase of sample size, the optimal solutions
of the approximation problem Eqgs. (17) or (28) converge exponentially to a solution
of the ERM formulation Egs. (16) or (21) with probability approaching one under
suitable conditions. To this end, we first introduce a lemma.

Lemma 2 [28] Let W be a compact setandh : W x §2 — R be integrable everywhere.
Suppose that the following conditions hold:

(1) For every w € W, the moment generating function

o [eah(w,@—ﬂzg[h(w,sn)]

is finite-valued for all t in a neighbourhood of zero.
(i1) There exist a measurable function k : §2 — R4 and a constant y > 0 such that

lh(w', &) — h(w, §)| < k(E)w’ —w|”

forallé € Q andallw',w € W.
(iii) The moment generating function g [e'“®)] is finite-valued for all t in a neigh-
bourhood of zero.
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Then, for every ¢ > 0, there exist positive constants D(¢) and B(¢), independent
of Ny, such that

1 .
Prob{ sup | — Z h(w, &") —]Eg[h(w,g)]‘ > g} < D(g)e NkB@©),
wew | Nk tie

Applying the above lemma, we can obtain the following result related to the expo-
nential convergence of the above approximation methods.

Theorem 3 Let (x*, y*, zX) be an optimal solution of Eq. (17) or Eq.( 28) for each k
and (x,y, 7) be an accumulation point of the sequence {(x¥, yK, Z)). Then, for every
& > 0, there exist positive constants D(¢e) and B(¢), independent of Ny, such that

Prob]6f (", ¥, ) — bk (£, 5, 2)| = e = D(e)e P (39)
or

Probf 6 (+*, ¥, ) — Ok (3.5, D)| = £| < D(e)e P, (40)

Proof Without loss of generality, we assume that {(x*, y, zX)} itself converges to
(x,y, 7). Let B be a compact set that contains the whole sequence {(xk, yk, zk)}.

(1) Consider the case for Eq. (17). We first show that there exist positive constants
D(e) and B(e) such that

Prob{ sup |9§B(x,y,z)—9FB(x,y,z)|zs}SD(e)e—Nkﬁ@), (41)
(x,y,z)eB

which is equivalent to show

(x,y,2)€B

1 .
Prob{ sup | D0 IF Gy 2 80P ~BellFx, v 2. 61| 2 ¢
tlef
< D(S)e_Nk'B(g)

by Egs. (16) and (17). To do this, it is sufficient to prove that the set W := B and the
function h(x, y, z, &) = ||F(x, y,2, &) ||2 satisfy the conditions given in Lemma 2. In
fact, since both §2 and B are compact, by the continuous differentiability assumption
on F' given in Sect. 1, these conditions hold.

Since (x*, y¥, z¥) is an optimal solution of Eq. (17) for each k, in a similar way
to Theorem 1, we can show that (X, y, z) is an optimal solution of Eq. (14). It then
follows that

Ok (F, yK ) < 085, 5,2),  Ome(X, 3, 2) < O (xk, K, 25,
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from which we have

Ors (K, ¥K, 25 — bR (%, 3, 2)
= Ol k5, ) = 05 (5,5, D) + 6 (£, 5, 9) — r (F, 5, 2)
< 685(%, 7,2) — O (%, 3, 2)
< sup |Ofg(x,y,2) — Ops(x, ¥, )]
(x,y,2)€B

and

Ofs (x5, Y5, 25 — Opp (%, 5, 2)
= Ok (5, ¥E, 2 — O (5, VK, 25) + Opp (5, ¥, 25) — e (R, 5, 2)
> 0K (K, v5, ) — B (xF, ¥F, 25
>~ sup |0fp(x,y.2) —Ops(x, ., 2)].
(x,y,2)€B

It follows that

0k (K, y5, %) — Opp(R, 7, 2)| < sup 085 (x, Y, 2) — OB (x, ¥, 2)].
(x,y,z)eB

This together with Eq. (41) implies Eq. (39).

(2) Consider the case for Eq. 28. In this case, itis sufficient to show that the set W :=
B x [0, uo] and the function k(x, y, z, u, &) := | F(x, y, z, $)||2 + <D§R(x, y) satisfy
the conditions given in Lemma 2. In fact, this can be guaranteed by the assumptions
given at the end of Sect. 1 and Eq. (27). Thus, in a similar manner to (1), we can show
Eq. (40) easily. This completes the proof. O

2.4 Boundedness of level sets
Itis well known that the boundedness of the iteration sequences is a desired requirement
for various optimization methods. In order to ensure the boundedness of the iteration

sequence, we generally investigate the boundedness of level sets. Given a nonnegative
number y, the level set of the ERM model Eq. 14 is given as

Lerm(y) i= {(x,y,2) € R¥"| Grm(x, ¥, 2) < 7).

Note that, if there is some n; > 1 and we take

K=ok k000,07 Y=ok, —k,0,---,0,-- )T
— —
Kri KCri

for every k, then both x* and y* belong to the cone K and they are perpendicular to
each other. This means @ (x*, y¥) = 0 for each k, where @ is given in Eq. 9 with ¢
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to be an SOC complementarity function, regardless of whether it takes ¢rp or ¢nr.
As aresult, we can only investigate the conditions on the mapping F to guarantee the
boundedness of the level set LrrM (Y).

Definition 3 [30] The mapping H : N’ x 2 — N9 is locally coercive if, for any
(wk} € wP satisfying wk|| = 400, we have

Prob{ lim ||H ", &)| = +o0} > 0.
k—o00

The main result of this subsection can be stated as follows.

Theorem 4 Suppose that F is locally coercive. Then, for any y > 0, the level set
Lerm(y) is bounded.

Proof Suppose on the contrary that there exist a constant y > 0 and a sequence
{(xF, yk, 25y € m2H with ||(x¥, yK, z)|| — 400 such that

erm(x*, y*. 2 <y
for each k. It follows that
y = e [IFGH, 5, 25 6121 > (Be [IFGE YF, 25, 6)17)° (42)
for each k. By the Fatou’s lemma [22], we have
Ee [liminf | F(* 5% 25 6))1] < liminf Be [IFGS 5 5911 49)
Note that F is locally coercive, which means that
Probl lim_ I F(x*, ¥k, 25, &) = 400} > 0.
Therefore, the left-hand side in Eq. (43) is infinity and hence

liminf B [ | F(x*, y*, 25, &)1 = 400,
k— 00
which contradicts Eq. (42) and so the level set LgrM(y) is bounded for any y > 0.0

3 Comparison between ¢nr and ¢rp

As stated at the beginning of Sect. 2, the function ¢rp generally owns better smoothing
property, while the function ¢nr has better approximation property. On the other
hand, Chen and Fukushima [7] show that, in the one-dimensional case, ¢Nr has some
property that ¢pp does not possess; see Lemma 2.2 and Example 1 given in [7] for
details. An interesting and natural question is whether the result can be extended to
multi-dimensional cases. We devote to answer this question in this section.
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Consider the following special affine SSOCCP:
xek, MEx+qE) ek, x'(ME)x+q)=0 aetec2, (44

where M : 2 — R and ¢ : 2 — N". For Eq. (44), it is natural to suggest its
ERM formulation as follows:

min 6 (x) := Ee [ (x, ME)x +qE)I*], (45)

where @ is the same as in Eq. (9). Then we have the following result for ¢ngr.

Theorem 5 Let 2 = {él , 52, el SN} and each n; <2 inEq.(2). Then the solution
set of problem Eq. (45) with ¢ to be ¢nR is nonempty.

Proof First of all, we show that ||¢ngr (s, £)||? is a piecewise quadratic function over
polyhedral partitions in (s, ) € N x R" when n; < 2. In fact, it is evident that
ONR (s, 1) = min{s, r} is piecewise quadratic when n; = 1. Next, we suppose n; = 2
and consider the following five cases:

(I) Suppose that s, — 1> = 0. It is easy to see that

s> if 51 <t1,5 = ta,
Itl12 if 51> 11,50 = o

lpng (s, O = {

(I1) Suppose that s; — ] > |s2 — f2| > 0. This means s — ¢ € K2 and hence
1YY

llgnr (s, DI = [11]>
from the discussion at the beginning of Sect. 2.

(III) Suppose that s; — ] < —|sp — 2] < 0. Thismeans ¢t — s € K2 and, similarly to
(II), we have

lpnr (s, D1 = [1s]I>.

(IV) Suppose that sp — 1> > 0 and rp, — 52 < 51 — 11 < 52 — 1. By Eqgs. (6)—(8), we

have
lonr (5. DI = |5 = [s1 — 11 — Is2 — 21 (3, —222)7
NR (S, = ||§ §1 1 §2 211+\73, 2[s2—13]
2
1 so—10 I
—lsi =1+ 152 — 20143, 3557 H

1 1
= Z(SI +1 — s+ t2)2 + Z(—Sl +1n+s5+ t2)2.

(V) Suppose that s; —1p < Oand sp —1p < s1 — 11 < tr — s52. By Egs. (6)—(8), we
have
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2 t
xR (s, DI = s = st = 11 = Is2 = 2l b, =222

I
st — 11+ Is2 = 2lle (4 222 H

1
= Z(sl +1 45— 1)+ Z(Sl — 1+ 5+ n)
In summary, from the continuity of the function ¢xr, we have

2413 ifsi—h=s—t,s1—H>1h—sn,
si+s3 ifth—si=s—tht—s1>hH—5,
lpnr (s, DI = 11+ —s2+0)?+ 1(=si+h+52+0)°
ifh—so<si—t1<sx—1t,50—10>0,
%(sl +11 45— 1)+ }‘(sl — 11+ 52+ 1)? otherwise,

which indicates that ||¢nr (s, 7)|| is indeed a piecewise quadratic function over poly-
hedral partitions in (s, 7).
Note that the objective function of Eq. (45) can be written as

m

N
00) =YD pjlonr(x’, y)I?,

i=1 j=I

where x 1= (x!, ..., x™) € W x - x W, M(ED)x + q(E)) = (yjl.,...,y;”) €
R x - xR foreach j =1,..., N, and p; denotes the probability of the sample
&/ foreach j = 1, ..., N. From the above discussion, it is not difficult to see that the

objective function 6 is piecewise quadratic function over polyhedral partitions. Since
this function is bounded below on whole space, by the Frank—Wolfe theorem given in
[15], problem Eq. (45) has an optimal solution at least. This completes the proof. O

Theorem 5 indicates that Lemma 2.2 in [7] can be extended from one-dimensional
cases to two-dimensional cases. It is still an open question whether the lemma can
be extended to general cases. Note that, by Example 1 given in [7], the conclusion in
Theorem 5 does not hold for the case of ¢pg.

Remark 1 If we rewrite the affine SSOCCP Eq. (44) by introducing an additional
variable as the form

xek, yeK, xTy=0, y=MEx+qE) =0 ae e
and consider its ERM model

min Eg [ 1y — M(§)x —q@®IP1+ 1o, I (46)

instead of problem Eq. (45), then we can get an interesting and understandable result,
that is, Theorem 5 remains true without the discrete assumption related to the sample
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space §2 (we can show this result in a very similar way and so omit its proof here).
Our next question is how about the case of ¢rg? Note that Example 1 in [7] can not
serve as a counterexample in this case. In fact, for this example, the model Eq. (46)

becomes
min y* + 14 (x +y —/x2 + y2)?,

(x,y)

which attains its infimum at x* = 0 and y* = 0 obviously. We are not sure whether
the model Eq. (46) with ¢ to be ¢rp has similar conclusion as ¢nr. We would like to
leave it as a future work.

4 Applications

The theoretical results given in the previous sections indicate that the SSOCCP Eq. (10)
can be solved via the variation scheme Eq. (14). In this section, as a further supplement,
we consider two practical engineering problems.

4.1 Natural gas production and transportation

Natural gas is one of the fastest-growing energy sources. How to plan the generation
and distribution of natural gas in transmission networks is becoming a key issue in
gas production and transportation. Recently, a substantial number of studies focus on
natural gas transmission optimization problems [23,25,29]. The most difficult issue
in optimization is from the nonlinear relationship between the transmission flow in a
pipeline and the pressures at two ends of the pipeline, and the uncertainty of losses at
compressor stations. In this subsection, we implement the ERM framework to solve
this type of problems.

Consider an optimization model for a natural gas network! consisted by a number of
hub-and-spoke subnetworks where every hub is a compressor station with a number of
fields and markets connected to and only to it. We denoteby A := {1, 2, ..., N} the set
of nodes in the transmission network, which is classified into three subsets: N/, ¢ C N
of all field nodes with producers, Ny C N of all station nodes with compressors by
which every gas flow is split into two or more pipelines, and A,, C N of all market
nodes with consumptions. Without loss of generality, we assume that the intersections
between any two of the above subsets are empty. This assumption can be achieved
by introducing virtual pipelines. For every node i € A/, we have two sets of nodes
connected to it: Z(i), the set of nodes with pipelines going into node i, and O(i), the
set of nodes with pipelines going out node i. It is worth emphasizing that, due to the
hub-and-spoke structure, for any i € Ny, Z(i) is empty and O(i) is a singleton with
its element being the station node to which node i is connected. Similarly, for any
i € Ny, O(i) is empty and Z(i) is a singleton with its element being the station node
from which node i is connected.

1 We refer readers to [3,25] for detailed analysis on how to model natural gas production and transmission.
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Uncertainties often occur in transmission operations (for example, a small propor-
tion of the gas flow at a station is tapped off transmission pipelines to provide fuel for
the compressors at the station; see, e.g., Sect. V in [31]). Here, we take the losses at
stations as uncertainties and denote by &; the loss at node i € N;. We also denote the
losses at all compressor stations by a random vector & := (&, ..., &s), where S is the
number of stations in the network.

The transmission network is centrally operated to deliver natural gas for each mar-
ket. We denote by p; (Q) the unit price of natural gas in market j € N,,, where p;(Q;)
is a decreasing function with respect to the supply quantity Q; into market j. In our
study, we consider an extensively investigated price function p;(Q;) :=a;—b;Q; for
every j € N,,. At field nodes, before real transmissions, the producers are contracted
for their minimum generations. We use G; to denote the minimum generation at node
i and C; to denote the unit generation cost of natural gas at field i € N. .

Now we introduce the parameters for pipelines. We denote by Pi’;.l"‘x and Pl.‘;““
(ISl.rj’flax and I_’i‘]r.‘i“) the maximum and minimum pressures at the inlet (outlet) end of
the pipeline from node i to node j for i, j € N. Here, we define Pi‘}‘ax = Pl.‘;‘i" =0
and ﬁimax = 135.1in = 0 when i and j are not connected. To generate one unit inlet
pressure for the pipeline from i to j, a cost ¢;; is incurred. In our model, the pressures
at the inlet ends of the pipelines connecting from fields to stations are fixed by the
production contract and denoted by P j forevery i € N, and the corresponding station
node j € O(i), which is enforced by the production standards. On the other hand, the
pressures at the inlet ends of the pipelines connecting to markets from stations are fixed
by the supply contracts and denoted by P ;i for every i € N, and the corresponding
station node j € Z(i), which is predetermined based on the market standards.

The nonlinear relationship between the pressure difference at two ends of a pipeline
and the quantity of natural gas transmitted through this pipeline can be described via
the Weymouth equation. In particular, the flow q;; for the pipeline connecting nodes
i and j is upper bounded by

q;(Dij Bij) = Kijy/ (0i))* — (Bij)?, (47)

where p;; and P;; are the inlet and outlet pressures, respectively, and K;; is a constant
computed from the physical properties of this pipeline such as length, dimension,
friction factor, etc.?

2 Fora particular pipeline, the Weymouth equation can be expressed as (see (1) and (2) in [1] with the
adjustment on parameter units)

. . T B;)%—(;)?

a5 B Biy) = 77.52 x 107 x (72 ) D¥/2 L P

where T}, is the base temperature (unit R), py, is the base pressure (unit psia), D is the inside diameter (unit
in), yg is the gas specific gravity (air = 1), Z is the gas deviation factor at average flowing temperature and
average pressure, 7T is the average flowing temperature (unit R), L is the length of pipe (unit mile), and f
is the Moody friction factor.
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(a) (b) 120

80 80

0 Dij ' 00 bij

Fig. 1 a Linear approximation for Weymouth constraints with T = T’ = 5. b Weymouth constraints.
Weymouth constraint and its linear approximation

To deal with the nonlinearity introduced by Eq. (47), a linear approximation frame-
work is proposed in [25], where the Weymouth equation Eq. (47) is approximated
by a set of linear forms; see Fig. 1. For a pipeline connecting nodes i and j, the
approximation is performed through the following two steps: Firstly, two finite sets of
points 7 := {ﬁfj ,t=1,2,...,TYand T’ := {ﬁtf;. ,t'=1,2,..., T} are selected
from the feasible sets of p;; and p;;, respectively. Without loss of generality, we let
Pmm <pz/ Spl = Sﬁij = PtTaXandPiT;lin Sﬁ}/ Sﬁlz/ = <plT/ = Pmax,
Where pl. f and p pi ; are selected as ‘breakpoints’ like in [25]. In the second step, the lin-

ear approximations are used to substitute the Weymouth constraints q;; < q,‘] (Pij» Pij)
from Eq. (47) for all i, j € \ as

W
MR W (PRORT7AE i p,,ﬂ (ﬁf, By

fort € 7 and t' € T'. We refer readers to [25] for more details about the linear
approximation of the Weymouth constraints. For ease of notation, we define

A

ij =
p,,)2 (p,, p,,)2 (p,J

Now let us look into the maximization of the overall profit from gas supply in
the entire network, subject to production, transmission, and compressor constraints.
Because the network is consisted by a number of hub-and-spoke subnetworks (see
Fig. 2 given below), the problem can be reduced to the following second-order cone
program:

> p@HQF - ) CiQ =Y Y ciibji

ieNny JEN, ieN jeZ(i)
> qj=Gi. YieN,,
JjeO)
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@ + KDY < K3Aph. Yi e Ny, j € O3),
@+ K5PY < K3p2,. Yie Ny, j e ZG),
aj = Kij (BB = Plf'Byj) . Vi€ Tl e T i e N, j € O NAG,
Q = Z qji, VieN,
J€Z()
Q = Z qj, YieN,
j€0G)
Q -Qf <—& Viel,
PIIN < Py < PPV j e N, i € I()),

P,.‘}““ <Py <P}, VjeN, i eI(j)} V&, i eN. (49)

Here, the decision variables include the vectors of inlet pressures, outlet pressures,
and flow quantities transmitted in the pipelines and are denoted respectively by

= (P12, .-, PINs -+ 5 Pijs - > PN, - PN(N=1))
P12, .- PINs -+ s Pijs -+ s PN1, -« . PN(N=1)
= (q12, - QN - Gij oo AN - - AN(N=1)) »

=T T
.. .”.

the intermediate variables Ql.+ and Q; are the total quantities transmitted into and
out node i respectively for each i € A. The objective function includes three terms:
the total revenue with p; (Q;F)Q;r to be the revenue obtained from market i € N,,,
the production costs in the fields with Q;” to be the quantity of gas produced in field
i € Ny, and the operation costs spent for generating pressures. It is straightforwad to
see that the objective function is concave and quadratic.

Now let us go through the constraints. The first set of constraints is on the pro-
ductions of natural gas at field nodes, which means that the gas quantity transmitted
out a field must be no less than the minimum contracted production. The second set
of constraints is on the flow quantities transmitted in a pipeline from field nodes. By
setting Pl.‘}‘ax = 0 for any unconnected pairi € N, and j € N/, we have p;; = 0 and
hence q;; = p;; = 0. The third set of constraints is on the flow quantities transmitted
in a pipeline to market nodes. By setting Pmax = 0 for any unconnected pairi € N,
and j € NV, we have p;; = 0 and hence q,, =pj =0.

Remark 2 Note that the second set of constraints in Eq. (49) can be rewritten as

V4 + KD} < Kijbij

forevery i € N and the corresponding j € O(i). Similarly, the third set of constraints
in Eq. (49) can be rewritten as

v q]z + K2p p], = KﬂP/z
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for every i € N, and the corresponding j € Z(i). Therefore, these two sets of
constraints are actually SOC constraints.

The fourth set of constraints is on the flow in a pipeline connecting two station
nodes, where the linear approximations are implemented to reformulate the constraints
q;j < ql‘j (Pij, Pij), i # jand i, j € N, into linear constraints, where ql‘j (Pij, Pij) is
given as in Eq. (47).

Remark 3 In[25], this type of linear approximations has been used for every pipeline in
a transmission network, where the number of constraints resulted from linear approx-
imation is N(N — 1) x T x T'. For the network with hub-and-spoke substructure,
the second, third and fourth sets of constraints show that we only need to implement
the linear approximations to the pipelines connecting stations and so the number of
constraints on pipeline flows can be reduced in our problem.

The fifth and sixth sets of constraints define Qf and Q;" as the quantities of flows
transmitted into and out node i € A. The seventh set of constraints is on the random
losses at station nodes, where &; is the quantity of the natural gas tapped off at station
i € Nj. The eighth and ninth sets of constraints are from the upper and lower bounds
of inlet pressures and outlet pressures of pipelines. Recall that Pmax = Pmin = 0 and

Pmax Pmm = 0 when i and j are not connected. Recall also that the pressures at
1nlet ends of pipelines connecting from fields are fixed by the contracts and thus we
define P;/‘.‘d" = P;;““ = P; j forall i € N, and, similarly, the inlet ends of pipelines
connecting to the markets from stations are fixed by the supply contracts and thus we
define ISjr’l?aX = 13]’.?1“ = 13]-[ foralli e NV,,.

It is worth mentioning that, in the real world, the natural gases produced at different
fields are usually with different percentages of their chemical components, where these
percentages are often used to measure the quality of natural gases. Accordingly, another
set of constraints has to be made on inlet and outlet pressures to control the mixed gas
at each station to achieve the contracted quality standard.

To concentrate our focus on applying theoretical framework, we assume that the
natural gas qualities at different fields are the same and never changed in the transmis-
sion. This assumption can be relaxed by introducing a set of linear equality constraints
for mass balance on each component; see, e.g., [25].

Before proceeding to the numerical tests, we summarize the notation on parameters
used in the model in Table 1.

Let us consider an example on a natural gas transmission network with three com-
pressor stations. The network is described in Fig. 2. In this example, the set of market
nodes N,, = {1,2,...,6}, the set of field nodes N, = {1’,2/,3'}, and the set of
station nodes Ny = {7, 8, 9}. Moreover, markets 1 and 2 (nodes {1, 2}) and field 1
(node {1'}) are connected to station 1 (node 7), markets 3 and 4 (nodes {3, 4}) and field
2 (node {2'}) are connected to station 2 (node 8), and markets 5 and 6 (nodes {5, 6})
and field 3 (node {3'}) are connected to station 3 (node 9).

The values of the parameters in the model are given in Table 2. In the model, we fix
the outlet pressures of pipelines to each compressor station at 15 (unit: psia) and cost
c;j for generating one unit inlet pressure to be 87 (unit: k x CN'Y/psia) for all pipelines.
In addition, for uncertainties in the model, we let the losses &; at stations (i.e., nodes
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Table 1 Notation

G; Minimum production at field i € N
K;j Weymouth constant for pipeline from node i to j € O(i)
prt’ prt’ ients i inear imati i
Py o P; y Coefficients in the linear approximation of Weymouth equations
Pi‘}?m, PE}”“"‘ Lower and upper bounds on inlet end of pipeline from i to j € O(i)
Pi‘}?i“, Pi‘}?a" Lower and upper bounds on outlet end of pipeline from i to j € O(i)
a; — b; Q;" Unit price for gas in market i € N,
C; unit cost for gas production in field i € Ny
Cij Unit cost for generating pressure at an end of pipeline from i € A/
to j € O®)
Line 1 <t—— @ <] Field 1
? Line 2
Market 1 ®:
1
Market 2 ®:®
Line 3 1
<1 <}
~J ~J
Line 4 Station 1

Line 12

Station 2 5 Station 3

Market 5

(@ feld2  Line & Market 6  Line 10

Line 11 i
Field 3
3 24

Line 7

Fig. 2 Structure of the natural gas network

i = 17,8, 9) follow normal distribution with means being 15, 20, 10 and variances
being 5.5, 9.0, 3.5, respectively.

In our numerical tests, we used the linear approximation Eq. (48) with T = T’ =
10 for the Weymouth equation Eq. (47). Note that the linear approximation does
not change the objective function and other constraints. We solved our optimization
problems and the problems in [25] with the same samples of £. In Table 3, we denote
our optimization problem and the problem in [25] by SOC(n) and LC(n) respectively,
where n is the sample size in each test. In our tests, we varied n from 100, 300 to 1000
and compared the results of SOC(n) and LC(n).

We implemented the ERM scheme to solve this model and analyzed the impact
of loss uncertainties at stations to the overall profit and optimal operations in the
transmission network. The results given in Table 3 were obtained by using the function
¢NR- The problems were solved in the GAMS platform by NLP solver. Table 3 lists the
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Stochastic second-order-cone complementarity problems...

sample averaged solutions. Here, to avoid redundancy, we only report the main results
in approximation solutions for inlet pressures in pipelines, gas quantities transmitted
by pipelines, and the optimal values of objective function under different sample sizes.

Notice that, in our method, the linear approximation is only incorporated for the
constraints of gas quantities in pipelines connecting stations rather than all pipelines in
‘LC(n)’. Therefore, we can take the results solved from the ‘LC(n)’ model as approx-
imation to the results in ‘SOC(n)’. From another point of view, both models can be
taken as approximations to the true natural gas transmission problem, where ‘SOC(n)’
is closer with less number of linear approximation of the Weymouth constraints. For
computational time, the results show that solving the model with second-order cone
constraint is almost at the same level as ‘LC(n)’ with a little longer computational
time.

4.2 Stochastic SOCP optimal power flow

In this subsection, we consider a stochastic optimal power flow (OPF) model in radial
network connected to the wind farms and recast it as a stochastic SOCP problem. The
proposed stochastic SOCP-OPF model can be adopted as a tool for different stochastic
analysis of power systems. We implemented the preceding ERM scheme to solve the
SOCP-OPF model and observed the impact of power injection uncertainty on the total
generation cost in the power systems.

A radial network is composed of buses and lines connecting these buses and has a
tree topology. The root of the tree is a substation bus that is connected to the transmis-
sion network. It has a fixed voltage and redistributes the bulk power receiving from the
transmission network to other buses. We index the substation bus by 0 and the other
buses by 1, ..., N. Denote by N := {0, 1, ..., N} the collection of all buses and let
NT := N\ {0}. Each line connects an ordered pair (i, j) of buses where bus j lies
on the unique path from bus i to bus 0. Let £ denote the collection of all lines and
abbreviate (i, j) € £ by i — j for convenience.

Uncertainty often occurs when renewable power resources such as wind are incor-
porated. We assume that a subset VV of buses holds uncertain power sources (wind
farms) and, for each bus i which holds uncertain power sources, the stochastic amount
of power generated by source i is of the form &; := Eip + ifl.q, where §; is an indepen-
dent random variable with known mean and deviation. In particular, we investigate
both the Gaussian and Weibull distributions of &;. In our model, we further assume
the independence of wind power fluctuations at different sites, which is justified by
the fact that the wind farms are sufficiently far away from each other. For the typical
OPF time span 15 minutes and typical wind speed of 10m /s, fluctuations of wind at
the farms more than 10km apart are not correlated.

For each bus i € N, let V; denote its complex voltage and define v; := |V;
Specifically, the substation voltage v is given and fixed. Let s; := p; +iq; denote the
power injection of bus i, where p; and g; denote the real and reactive power injections
respectively. For each line (i, j) € &,letz;; := r;; +ix;; denote its impedance. Denote
by I;; the complex current from bus i to bus j and let l;; := [I;; . Denote further by
Si; := P;; +1Q;; the sending-end power flow from bus i to bus j, where P;; and Q;;

2.
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Table 4 Notation

Vi, v; Complex voltages on bus i with v; = |V; \2
s; = p; +1iq; Complex net injection on bus i
Lij. Lj Complex currents from buses i to j

with I;; = [I;;|?
S;j =P;; +iQ;; Complex power flowing out from buses i to bus j

Zjj = rij +ix;; Impedance on line (7, j)

Fig. 3 Illustration of the 'pi
notation in network i A \
Bus O Bus j5 Bus 2
| Vi |V
—
I I S,,;j, I-L' 1 j
s-
2 2 T
i = |15 ", vi = |Vi]

stand for the real and reactive power flow respectively. As customary, we assume that
the complex voltage Vp on the substation bus is given. We summarize the notation in
Table 4 and Fig. 3.

The OPF problem seeks to minimize the generation cost, subject to power flow
constraint, power injection constraint, and voltage constraint. Following [14,17], in
case of a radial network, the stochastic OPF using branch flow model is reduced to
the following convex optimization problem with exact relaxation or, more precisely,
a second-order cone program, interpreted as operations in real variables:

min Y fi(p})

ieN
_ 8 14 c ..
St Py = 0f + 60 = pf + D @ = rulii), VG, ) € €,
h:h—i
— 8 q c P
Qj =@ +&) —a + D (Qui —xnilwi), Y, j) €&,
h:h—i
p; —pj + Z (Pro — rrolpo) =0,
h:h—0
q§ — g5+ D (Quo— xnolwo) = 0.
h:h—0
Vi —v; =2@Pij +x;Qi) — lij(rizj —i—xizj), Y(i, j) €&,
P2 + Q2%
—— <1, VG, j) €€,
Vi
S; € S,', i€ N+,

v <V <7, ieN*}VSf, ieNT,
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where & := &/ +ig!, p; .= p{ — pf and q; 1= qf — q; are the real and reactive net
loads at node i. In particular, pf and ql? are the real and reactive power consumption
at node i, pf and q;-g are the real and reactive conventional power generation at node
i.Weuse h : h — i to denote a collection of buses in N\ prior to i in the tree network
topology with (h,i) € £ and use h : h — 0 to denote the collection of buses in N/
prior to the substation root with (h, 0) € £. In addition, we assume that each f; is
convex quadratic and, particularly, f;(p) := ci2(p{)? + ci1p} —iz— cl-ozin our model.
. . PL4Q: . . .

Notice that the convex relaxed power flow equation l;; > %, i, j) e &, is
exactly in the form of a rotated second-order cone in )t*, which is a convex set given
as

K2 = {(x1, x2,%3) € R x R x R | x1x2 > xLx3, %1 >0, x5 > 0.
r 3

Trivially, the rotated second-order cone in 9%t* can be expressed as a linear transfor-
mation (actually, a rotation) of the (plain) second-order cone in N4, due to

< X1+ x2.

X1 — X
x1x0 > ¥ x3,x1 20,00 >0 = H[ 12x 2]
- 3

Recall that (x1, x3, x3) € IC% if and only if (x1 + x2,x4) € KC*, where x4 =
(x1—x2, 2x3). For aclear presentation in the subsequent discussion, we recast the above
distribution network stochastic dispatch problem in the following compact SOCP
form:

min f(x)
s.t. {x e X,
Ax+ B¢ =0,
1Gix] < gl-Tx, Vi with (i, j) € 5} VE, (50)

where the vector x represents all dispatching variables related to optimal power flow
of the distribution network, f(x) represents the total generation cost, and X" is the
feasible set of radial distribution network.

Notice that Eq. (50) actually coincides with the linear form of Eq. (13), which is not
computationally trackable by any commonly-used commercial SOCP solvers such as
MOSEK or Gurobi. Our key step toward numerical solution of problem Eq. (50) is to
reformulate it into the SSOCCP Eq. (10) by its KKT system, as discussed previously.
Hence, as in convex programming, the KKT conditions are necessary and sufficient
for global optimality [21]. As each KKT point is a global minimizer of Eq. (50), we
may consider to solve Eq. (50) by searching its KKT points, which is exactly what we
have discussed in the preceding sections for SSOCCP.

In order to evaluate the proposed SSOCP-OPF, a slightly modified version of a
real-world 47-bus network in the service territory of Southern California Edison (SCE)
with two wind farms connected to bus 5 and bus 20 are considered. The SCE network
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38 37 19
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Fig. 4 Schematic diagram of SCE 47-bus distribution system

is shown in Fig. 4 with parameters given in Table 5. We suppose that the system
regulator is to optimize the total generation cost in an hourly basis in the presence of
variable wind power generations by assuming that the forecasted distribution for wind
speed is available for the next hour interval. The dispatch results from the day ahead
market, which are obtained by using ¢rp and ¢NRr, based on the wind power assuming
Gaussianity and Weibull distribution injected to bus 5 and bus 20 in GAMS platform
using default NLP solvers, are given in Tables 6 and 7 respectively. Tables 6 and 7 also
depict the expected residual and the total generation cost, as the sample size increases.

From the numerical results, we observed that, as the sample size increases, the
convergence in terms of both ¢rp and ¢nr are stable, e.g., there are clearly convergent
trends toward the expected residual, as well as the dispatching variables. However, as
one may observe immediately from the above tables, even with a fairly small smoothing
parameter 1 = 10™%, ¢nr results in smaller and better expected residuals in some
sense. Another observation of interest is that, from the time consumptions, the ERM
scheme using ¢nr performs computationally much powerful than the case of ¢rp.
Nevertheless, this phenomenon comes as no surprise to us because, as mentioned at
the beginning of Sect. 2, compared with ¢rp, ¢nr usually preserves more information
of the complementary structure.

5 Conclusions

We have proposed the ERM formulation Eq. (14) for the SSOCCP Eq. (10). Some
properties related to existence of solutions have been given and an approximation
method based on the Monte Carlo techniques and some smoothing techniques have
been presented. Further applications including the natural gas production and trans-
portation problems and the stochastic optimal power flow problem in radial network
have also been discussed.

Note that we may use the constrained optimization problem

min g [|F(x, y, 2, 121+ @ (x, Y
st. xel, yelk
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as a new ERM formulation, instead of the unconstrained formulation Eq. (14). It is
possible to extend the convergence results shown in Sect. 2 to this case because the
feasible region of the above problem is convex and the Slater’s constraint qualification
holds for it obviously. One advantage of this constrained formulation is to guaran-
tee better feasibility of approximation solutions than the unconstrained formulation.
Alternatively, as is known to us, the constrained optimization problem is generally
more difficult to solve than the unconstrained optimization problem.

On the other hand, we notice that the multistage variational inequality problems,
which are important generalizations of the single-stage problem Eq. (11) and can be
traced back to the multistage stochastic programs as well, have been considered by
Chen et al. [8] and Rockafellar Wets [24]. As a future work, we will discuss similar
extensions of the SSOCCP Eq. (10) in the next step.
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References

1. Adeosun, T.A., Olatunde, O.A., Aderohunmu, J.O., Ogunjare, T.O.: Development of unsteady-state
Weymouth equations for gas volumetric flow rate in horizontal and inclined pipes. J. Nat. Gas Sci.
Eng. 1, 113-117 (2009)

2. Alizadeh, F., Goldfarb, D.: Second-order cone programming. Math. Program. 95, 3-51 (2003)

3. Babonneau, F., Nesterov, Y., Vial, J.P.: Design and operations of gas transmission networks. Oper. Res.
60, 34-47 (2012)

4. Chen,J.S., Chen, X., Tseng, P.: Analysis of nonsmooth vector-valued functions associated with second-
order cones. Math. Program. 101, 95-117 (2004)

5. Chen, J.S., Pan, S.: A survey on SOC complementarity functions and solution methods for SOCPs and
SOCCPs. Pac. J. Optim. 8, 33-74 (2012)

6. Chen, J.S., Tseng, P.: An unconstrained smooth minimization reformulation of the second-order cone
complementarity problem. Math. Program. 104, 297-327 (2005)

7. Chen, X., Fukushima, M.: Expected residual minimization method for stochastic linear complemen-
tarity problems. Math. Oper. Res. 30, 1022-1038 (2005)

8. Chen, X., Pong, T.K., Wets, R.J.-B.: Two-stage stochastic variational inequalities: an ERM-solution
procedure. Technical Report (2016)

9. Chen, X., Zhang, C., Fukushima, M.: Robust solution of monotone stochastic linear complementarity
problems. Math. Program. 117, 51-80 (2009)

10. Chen, X.D., Sun, D., Sun, J.: Complementarity functions and numerical experiments on some smooth-
ing Newton methods for second-order-cone complementarity problems. Comput. Optim. Appl. 25,
39-56 (2003)

11. Clarke, EH.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)

12. Dentcheva, D., Ruszczynski, A.: Optimization with stochastic dominance constraints. SIAM J. Optim.
14, 548-566 (2003)

13. Faraut, U., Koranyi, A.: Analysis on Symmetric Cones, Oxford Mathematical Monographs. Oxford
University Press, New York (1994)

14. Farivar, M., Low, S.H.: Branch flow model: relaxations and convexification. IEEE 51st Annual Con-
ference on Decision and Control, 3672-3679 (2012)

15. Frank, M., Wolfe, P.: An algorithm for quadratic programming. Nav. Res. Logist. 3, 95-110 (1956)

16. Fukushima, M., Luo, Z.Q., Tseng, P.: Smoothing functions for second-order-cone complementarity
problems. SIAM J. Optim. 12, 436-460 (2001)

17. Gan,L.,Li, N., Topcu, U., Low, S.H.: Exact convex relaxation of optimal power flow in radial networks.
IEEE Trans. Automat. Control 60, 72-87 (2015)

18. Hayashi, S., Yamashita, N., Fukushima, M.: A combined smoothing and regularization method for
monotone second-order cone complementarity problems. SIAM J. Optim. 15, 593-615 (2005)

@ Springer



Stochastic second-order-cone complementarity problems...

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Lin, G.H., Fukushima, M.: Stochastic equilibrium problems and stochastic mathematical programs
with equilibrium constraints: a survey. Pac. J. Optim. 6, 455-482 (2010)

Lobo, M.S., Vandenberghe, L., Boyd, S., Lebret, H.: Applications of second order cone programming.
Linear Algebra Appl. 284, 193-228 (1998)

Lopez, M., Still, G.: Semi-infinite programming. Eur. J. Oper. Res. 180, 491-518 (2007)

Patrick, B.: Probability and Measure. Wiley, New York (1995)

Rios-Mercado, R.Z., Wu, S., Scott, L.R., Boyd, E.A.: A reduction technique for natural gas transmission
network optimization problems. Ann. Oper. Res. 117, 217-234 (2002)

Rockafellar, R.T., Wets, R.J-B.: Stochastic variational inequalities: Single-stage to multistage. Math.
Program. (to appear)

Rgmo, F., Tomasgard, A., Hellemo, L., Fodstad, M., Eidesen, B.H., Pedersen, B.: Optimizing Norwe-
gian natural gas production and transport. Interface 39, 46-56 (2009)

Ruszczynski, A., Shapiro, A.: Stochastic Programming. Handbooks in Operations Research and Man-
agement Science. Elsevier, Amsterdam (2003)

Salazar, J.M., Diwekar, U., Constantinescu, E., Zavala, V.M.: Stochastic optimization approach to
water management in cooling-constrained power plants. Appl. Energy 112, 12-22 (2013)

Shapiro, A., Xu, H.: Stochastic mathematical programs with equilibrium constraints, modelling and
sample average approximation. Optimization 57, 395-418 (2008)

Thompson, M., Davison, M., Rasmussen, H.: Natural gas storage valuation and optimization: A real
options application. Nav. Res. Logist. 56, 226-238 (2009)

Tang, C.L., Wu, X.P.: Periodic solutions for second order systems with not uniformly coercive potential.
J. Math. Anal. Appl. 259, 386-397 (2001)

Wong, PJ., Larson, R.E.: Optimization of natural gas pipeline systems via dynamic programming.
IEEE Trans. Automat. Control 13, 475-481 (1968)

Xu, H.: An implicit programming approach for a class of stochastic mathematical programs with
complementarity constraints. SIAM J. Optim. 16, 670-696 (2006)

@ Springer



	Stochastic second-order-cone complementarity problems: expected residual minimization formulation and its applications
	Abstract
	1 Introduction
	2 ERM formulation for SSOCCP
	2.1 The case of φFB
	2.2 The case of φNR
	2.3 Exponential convergence rate
	2.4 Boundedness of level sets

	3 Comparison between φNR and φFB
	4 Applications
	4.1 Natural gas production and transportation
	4.2 Stochastic SOCP optimal power flow

	5 Conclusions
	Acknowledgements
	References




